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Abstract. The main result is a version of Morse inequalities for the mini- 
mum and maximum ideal boundary conditions of the de Rham complex on 
strata of compact Thom-Mather stratifications, endowed with adapted met- 
rics. An adaptation of the analytic method of Witten is used in the proof, as 
well as certain perturbation of the harmonic oscillator related with the Dunkl 
harmonic oscillator. 
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1. Introduction and main results 

A Hilbert complex [7] is a differential complex given by a densely defined closed 
operator d in a graded separable Hilbert space i^. The corresponding Laplacian 
A = dd* + d*d is a self-adjoint operator in i^. It is said that d is discrete when 
A has a discrete spectruirQ; in particular, its homology is of finite dimension by a 
version of the Hodge decomposition. 

Let (r2o(A/),(i) be the compactly supported de Rham complex of a Riemannian 
manifold M . Its Hilbert complex extensions in L?'Vl{M) (the graded Hilbert space of 
square integrable differential forms) are called its ideal boundary conditions (i.b.c). 
There is a minimum i.b.c, dmin = d, and a maximum i.b.c, dmax — <5*, where 5 is 
de Rham coderivative acting on Vlo{M). The Laplacian defined by dmin/max is de- 
noted by Ajjjin/j^ax- It is well known that dmin = d^ax if M is complete, but suppose 
that M may not be complete. The i.b.c. dmin/max defines the min/max-cohomology 
H* . I (M), min/niax-Betti numbers ■ , = ■ , (M), and min/max- 

min/maxV /' / "niin/max '^min/maxV /' / 

Euler characteristic Xmin/max = Xmin/max(-^) (if the min/max-Betti numbers are 
finite); these are quasi-isometric invariants of M. These concepts can indeed be 
defined for arbitrary elliptic complexes [7]. these are quasi-isometric invariants of 
M. These concepts can indeed be defined for arbitrary elliptic complexes [7]. 

From now on, assume that M is a stratum of a compact Thom-Mather stratifi- 
cation A [HI |30l Ell i42 . Roughly speaking, around each x G M, there is a chart 
of A with values in a product M™ x c{L), where: 

• i is a compact Thom-Mather stratification of lower depth, and c{L) = 
L X [O,oo)/L X {0} (the cone with link L); 

• X corresponds to (0, *), where * is the vertex of c(i); and, 

• near x, M corresponds to R™ x M' for some stratum M' of c{L). 

We have, either M' = N x M_|_ for some stratum N of L, or M' = {*}. Note that 
X € M just when M' ~ {*}. Let p : c{L) — [0,oo) be the function induced by 
the second factor projection L x [0, oo) — > [0, cx)), which is called radial function. 



Recall that a self-adjoint operator has a discrete spectrum when there is no essential spectrum; 
i.e., the spectrum consists of eigenvalues with finite multiplicity without accumulation points. 
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If po denotes the standard norm of E™, it is also said that \/Po + P^ is the radial 
function of R" x c{L). 

Endow M with a Riemannian metric g, which is adapted in the following sense 
defined by induction on the depth of M [TOl [11]: there is a chart around each 
X £ M \ M as above such that g is quasi-isometric to a model metric of the form 
9o + P^9 + {dpY on E™ x N x R+, where go is the Euchdean metric on R™ and g 
an adapted metric on TV; this is well defined since depth < depth Af. Note that 
g may not be complete. More general adapted metrics are considered in [33 1 134 1 15]. 
The first main result of the paper is the following. 

Theorem 1.1. With the above notation, the following properties hold: 

(i) c!min/max discrete. 

(ii) Let < X^in/ma^fi < A,„i„/i„ax,i < ' ' ' be the eigenvalues of A„,in/max; 
repeated according to their multiplicities. Then there is some 9 > such 
that liminffc Amin/max,fc > 0. 

The discreteness of dniin is essentially due to J. Cheeger (TUllII]. Theorem ll.ll -fii) 
is a weak version of the Weyl's assymptotic formula (see e.g. [37l Theorem 8.16]). 
Further developments of elliptic theory on stratified spaces were made e.g. in [8] 



A smooth function / on M is called relatively admissible (or rel-admissible) 
when the functions \df\ and |Hess/| are bounded. In this case, / may not have 
any continuous extension to M, but it has a continuous extension to the (compo- 
nentwise) metric completion M of M. Then it makes sense to say that x £ M is 
a rel-critical point of / when there is a sequence (y^,) in M such that limj; — x 
in M and limfe \df{yk)\ = 0. To say that / is a rel-Morse function on M, it should 
be also required that Hess / is "rel-non-degenerate" at each rel-critical point x, but 
a "rel-Morse lemma" is missing. Thus, instead, we require the existence of a local 
model of M centered at x of the form R'"+ x E™- x c(L+) x c(L_) so that: 

• M corresponds to the stratum E™+ x R™- x Af+ x Af_, where M± is a 
stratum of c(L±); and 

• / corresponds to a constant plus the model function \ {p\ — P^-) on E™+ x 
E™- X Af+ X M_, where p± is the radial function on E"'± x c{L±). 

Either M± is the vertex stratum {*±} of c(L±), or M± = N± x R+ for some 
stratum N± of L± ; in the second case, let n± = dim N± . This local model makes 
sense because the product of two Thom-Mather stratifications can be endowed with 
a Thom-Mather structure; in particular, the product of two cones becomes a cone. 
There is no canonical choice of a product Thom-Mather structure, but all of them 
have the same adapted metrics. 

For each rel-critical point x of / as above and every r e Z, define j/^ min/max ~ 



[11[51[M1[I1[I]- 




(/) in the following way. If M+ 



N+ X E+ and KL 



N- X E+, let 
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where (r+,r_) runs in the subset of determined by the conditions: 

r — TO_ + r+ + r_ + 1 , (1) 
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1 if n+ is even 



— \ "^2 ^ odd, in the minimum i.b.c. case (2) 

if n+ is odd, in the maximum i.b.c. case , 



( ^ if n_ is even 

I n+-l 



if n_ is odd, in the minimum i.b.c. case (3) 
^^^2^ if ?i- is odd, in the maximum i.b.c. case , 

If M+ = {*+} and M_ = iV_ x M+, let . , = V 8'"+. , (N+), where r+ 

^ L T^J ' a;,min/inax i-^r^ ' min/max^ i ' 

runs in the the set of integers satisfying r = m_ + r-|_ and ([2|) . If = iV+ x 
and M_ = {*_}, let = Er_ /?mm/max(^-)' ^l^^re r_ runs in the the set 

of integers satisfying r — m_ + r_ + 1 and ([3]). If M+ = {*+} and M_ = {*-}, 
le<0 ^^^,mi„/max = -^r.m^ . Finally, let v^^.^i^^^ = Eo. ^^x.min/max' ^^^^re X runs in the 
rel-critical point set of /. Our second main result is the following. 

Theorem 1.2. With the above notation, we have the inequalities 

flO < 

r'^min/max — min/max ' 

/^min/max '^min/max — ^min/max ^min/max ' 

«2 _ ol , oO < 2 _ 1 I 

r^^min/max r^min/max r^min/max — min/max min/max ~^ min/max ' 



etc., and the equality 

Xmin/max = '^min/max ■ 

r 

We also show the existence of rel-Morse functions. For instance, for any smooth 
action of a compact Lie group G on a closed manifold M, any invariant Morse-Bott 
function on M whose critical manifolds are orbits induces a rel-Morse function on 
G\M\ this provides a rich family of examples where Theorem II . 2 1 can be applied. 

To prove Theorem II. li it is first shown that the stated properties are "rel- 
local" (Section [5]), and it is well known that they are invariant by quasi- isometrics. 
Then the spectrum is studied for the local models R™ x N x IR+ with the model 
metrics go + p^g+ [dpY , assuming that the result holds for N with g by induction. 
In fact, by the min-max principle, it is enough to make this argument for the 
minimun/maximum i.b.c. dg, min/max of the Witten's perturbation ds (s > 0) of 
d defined by any rel-Morse function [46]; the Laplacian defined by ds, min/max is 
denoted by ^s,m\n/i-aa.yi- In this way, the proof of Theorem 11.11 becomes a step in 
the proof of Theorem 11.21 by using the analytic method of E. Witten; specially, as 
it is described in [37t Chapters 9 and 14]. 

A part of that method is a local analysis around the rel-critical points; more 
explicitly, the spectral analysis of the perturbed Laplacian lS.s_n\\n/n\a,yL defined with 
the model functions \{p\ — P-) on M™+ x M™- x M+ x Af_. By the version of 
the Kiinneth formula for Hilbert complexes [7|, this study can be reduced to the 
case of the functions i^p^ on N x M_|_, where p is the radial function of c{L). 



'Kronecker's delta is used. 
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Then the discrete spectral decomposition for N with g is used to spht the Witten's 
perturbation of the de Rham complex of x M+ into direct sum of simple elliptic 
complexes of two types (Sections [71 [TUl and [TT]) . whose Laplacians are given by the 
perturbation of the harmonic oscillator on studied in [2^ , which is related to the 
Dunkl harmonic oscillator. We end up with the spectral properties of jj^jn/jj^^x 
needed to describe the "cohomological contribution" from the rel-critical points 
(Section [1631). 

Another part of the adaptation of Witten's method is the proof of the "null 
cohomological contribution" away from the rel-critical points. In this part, some 
arguments of [37l Chapter 14] cannot be used because there is no version of the 
Sobolev embedding theorem with the Sobolev spaces W'^{A^[^/^g_^) defined with 
Afnin/max; such a result may be true, but the usual way to prove it does not work 
since M^™ ( Amin/max) may depend on the choice of the adapted metric (Section [IT])- 
Therefore a new method is applied in that part of the proof (Section 116. 2|) . which 
uses strongly Theorem II. 11 - (ii). 

By extending / to M, Theorem 11.21 can be considered as Morse inequalities on 
the Thom-Mather stratification M. In this sense, it would be interesting to compare 
it with the Morse inequalities of Goresky-MacPherson (THl Chapter 6, Section 6.12], 
where they consider intersection homology with lower middle perversity of complex 
analytic varieties with Whitney stratifications. Another analytic proof of Morse 
inequalities was made by U. Luwig in [25l [28l [27l [29l [26], specially for the case 
of conformally conic manifolds; there is some overlapping between her results and 
ours, but her admissible and Morse functions are different from ours: the norm of 
their differential is bounded away from zero around the frontier of the stratum, and 
the norm of their Hessian may be unbounded. 

In the future, we hope to extend this work to the case of other types of adapted 
metrics (those considered in [33l [SH [5], or even more general ones); in the case of 
dmin with the adapted metrics of [33l [34j [5] , it would give Morse inequalities for 
the intersection homology with arbitrary perversity. This will require the study of 
a perturbation of the harmonic oscillator on R_|_ more general than in "2" . 

It is also natural to try to extend this work to the case of "rel-Morse-Bott func- 
tions" , where the rel-critical point set consists of "rel-non-degenerate rel-critical 
Thom-Mather substratifications" . 

Acknowledgment. We thank F. Alcalde for pointing out a mistake in a different 
previous version of the Morse inequalities for orbit spaces |^ , which led us to study 
the version of this paper. We thank Y.A. Kordyukov and M. Saralegui for helpful 
conversations on topics of this paper. We also thank MathOverflow user R. Israel for 
answering a question concerning a part of this work. Finally, we thank R. Sjamaar 
for indirectly helping us (via M. Saralegui). 

2. Preliminaries on Thom-Mather stratifications 

2.1. Thom-Mather stratifications. Here, we recall the needed concepts intro- 
duced by R. Thorn [41 and J. Mather [30]. We mainly follow 42,, and some new 
remarks are also made, specially concerning products. 

2.1.1. Thom-Mather stratifications and their morphisms. Let A be Hausdorff, lo- 
cally compact and second countable topological space. Let X C A he a, locally 
closed subset. Two subsets Y,ZcA are said to be equal near X {or Y — Z near 
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X) if y n [/ = Z nU ior some neighborhood U oi X in A. It is also said that two 
maps, f :Y B and g : Z ^ B, are equal near X (or f = g near X) when there 
is some neighborhood U of X in A such that YOU = Z OU, and the restrictions 
of / and g to Y nU are equal 

Consider triples (T, tt, p), where T is an open neighborhood of X in A, t: : T X 
is a continuous retraction, and p : X — [0, oo) is a continuous function such that 
p~^{0) = X. Two such triples, {T,'K,p) and (T' , p'), are said to be equal near 
X when T = T', tt = tt' and p ~ p' near X. This defines an equivalence relation 
whose equivalence classes are called tubes of X in A. The notation [T, tt, p\ is used 
for the tube represented by (T, tt, p). YiX is open in A, then [X, idx, 0] is its unique 
tube (the trivial tube). 

Definition 2.1. A Thorn-Mather stratificatior^ (or Thorn-Mather stratified space) 
is a triple (A, iS,t), where: 

(i) A is a Hausdorff, locally compact and second countable space, 

(ii) 5 is a partition of A into locally closed subspaces with the additional struc- 
ture of smooth {C°°) manifolds, called strata, and 

(iii) T is the assignment of a tube tx of each X € S in A, 

such that the following conditions are satisfied with some choice of {Tx ,iTx,px) G 
Tx for each X E S: 

(iv) For all X, r e 5, if X n F 7^ 0, then X CY. The notation X <Y is used 
in this case, and this defines a partial order relation on S. As usual, X < Y 
means that X <Y hut X ^Y. 

(v) IfY :^X in 5 and TxDY ^ 0, then X < F and (irx^px) : TxCiY XxR+ 
is a smooth submersion; in particular, dimX < dimY. 

(vi) If A" < y in iS, then tty{Tx HTy) C Tx, and ttx t^y = t^x and px Try = px 
on TxHTy. 

It may be also said that {S, r) is a Thorn-Mather stratification of A. 

Remark 1. (i) ^ is paracompact and normal. 

(ii) By the normality of A, we can also assume that, ii X,Y E S and TxHTy ^ 
0, then A < y or y < A. 

(iii) The frontier of a stratum A equals the union of the strata y < A. 

(iv) The connected components of each stratum may have different dimensions. 

(v) The connected components of the strata, with the corresponding restric- 
tions of the tubes, define an induced Thom-Mather stratification ^con = 
(A, iSconj Tcon); in this way, we can assume that the strata are connected if 
desirable. 

Remark 2. The following are some variants of the concept "stratification" and 
related notions: 

(i) A weak Thom-Mather stratification is defined by removing the condition 
px T^Y = px from Definition 12 . 11 (vi) . 

(ii) A stratification is a pair (A, S) satisfying Definition 12 . 11 fi) . fii) . (iv) : it is also 
said that 5 is a stratification of A. Definition 12 . 11 (iv) is called the frontier 
condition. If moreover t satisfies the other conditions of Definition 12.11 
then it is called Thom-Mather structure on (A,S). 



^This is called abstract prestratification in |30| and abstract stratification in |42| . 
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(iii) If A is a subspace of a smooth manifold A/, then a stratification 5 of A is 
usuahy required to consist of regular submanifolds of Af ; the term stratified 
subspace of M is used in this case. In 15. , a weaker version of this notion 
is defined by requiring local finiteness of S instead of the frontier condition. 

(iv) For a stratified subspace {A, S) of a smooth manifold M, the condition (B), 
introduced by H. Whitney [l4j |45], is defined as foUowifl. In the case 
M = R™, it requires that, for all X y^Y in S, if (xi) and (j/;) are sequences 
in X and Y , respectively, both of them converging in A to some x € X, if the 
sequence of tangent spaces Ty.Y converge^ to a linear subspace T C M", 
and if the sequence of lines — yi) converges to a line L C M™, then 
L C T. This property is preserved by local diffeomorphisms of M™, and 
therefore generalizes to arbitrary smooth manifolds. This condition gives 
rise to the concept of Whitney stratification of a subspace (or Whitney 
stratified subspace) of M . 

Example 2.2. (i) Any smooth manifold is a Thom-Mather stratification with 
one stratum and the trivial tube. 

(ii) Any smooth manifold with boundary is a stratification with two strata, 
the interior and the boundary. It can be endowed with a Thom-Mather 
structure by using a collar of the boundary. 

(iii) Any subanalytic subset of M™ has a primary and secondary stratifications; 
the secondary one satisfies condition (B) pll 1^ [T51 IT71 [ri] . 

(iv) J. Mather '3D' has proved that any Whitney stratified subspace of a smooth 
manifold admits a Thom-Mather structure (see also Proposition 2.6 and 
Corollary 2.7]). 

For a stratification A = {A,S), the depth of any X ^ S, denoted by depth X, 
is the supremum of the naturals n such that there exist strata Xq, . . . ,Xn with 
Xo < Xi < ■■■ < Xn = X. Notice that depth X < dimX. Moreover depth X = 
{X is minimal in S) if and only if X is closed in A. The depth and dimension of 
A are the supremum of the depths and dimensions of its strata, respectively. The 
dimension of A equals its topological dimension, which may be infinite. The depth 
of A is zero if and only if all strata are open and closed. 

Let A = {A, S, t) be a Thom-Mather stratification. Let _B C A be a locally 
closed subset. Suppose that, for all X ^ S, X O B is a. smooth submanifold of 
X, and B n n^^{X n B), endowed with the restrictions of ttx and px, defines a 
tube TxnB of X n B in B. Then let S\b = { X n B \ X e S }, and let t\b be 
defined by the assignment of txdb to each X Pi B G S\b- If {B,S\b,t\b) satisfies 
the conditions of a stratification, it is said that the stratification A (or {S, r)) can 
be restricted to B, and B = {B,S\b,t\b) is called a restriction of A (or {S\b,t\b) 
is called the restriction of (5,t)); it may be also said that _B is a Thom-Mather 
sub stratification of A. For instance, A can be restricted to any open subset and to 
any locally closed union of strata. A restriction of a restriction of A is a restriction 
of A _ 

For a stratum X of A, we can consider the restriction of A to X. In this way, to 
study X, we can assume that X is dense in A and dim A = dim A if desirable. 



^Certain condition (A) was also introduced by H. Whitney in |44l 145) . but J. Mather |30) has 
observed that it follows from condition (B). 

'^The convergence of linear subspaces of is considered in the appropriate Grassmannians. 



8 



J. A. ALVAREZ LOPEZ AND M. CALAZA 



A locally closed subset B C A is said to be saturated if the stratification A can 
be restricted to B and, for every X Cz S, there is a representative (TxtT^x, px) of 
Tx such that ttx^{X DB) ^Tx^B. 

Let A' = {A',S',t') be another Thorn-Mather stratification. A continuous map 
f : A A' is called a morphism if, for any X ^ S, there is some X' E S' such that 
f{X) C X', the restriction f : X ^ X' is smooth, and there are {Tx,ttx, Px) G tx 
and {T^,,tt'x,,p'x>) G t'^, such that /(Tx) C T'^,, fnx = tt'xJ and fpx = p'x'- 
Notice that the continuity of a morphism follows from the other conditions. Mor- 
phisms between stratifications form a category with the operation of composition; 
in particular, we have the corresponding concepts of isomorphism and automor- 
phism. The set of morphisms A —i' A' is denoted by Mor{A, A'), and the group 
of automorphisms of A is denoted by Aut(^). The other variants of the concept 
"stratification" given in Remark [5] also have obvious corresponding versions of mor- 
phisms, isomorphisms and automorphisms; in particular, we get the concept of weak 
morphism between weak Thom-Mather stratifications. A (weak) morphism is called 
submersive when it restricts to smooth submersions between the strata. 

Example 2.3. Let C? be a compact Lie group G acting smoothly on a closed 
manifold AI. Consider the orbit type stratifications of M and G\M [6\. It is 
well known that G\M admits a Thom-Mather structure [3H Introduction], which 
can be seen as follows. G\M is locally isomorphic to a semi-algebraic subset of 
an Euclidean space whose primary and secondary stratifications are equal [3j. By 
using an invariant smooth partition of unity of M, like in the Whitney's embedding 
theorem, it follows that G\M is isomorphic to a Whitney stratified subspacc of 
some Euclidean space, and therefore it admits a Thom-Mather structure. This 
can also be seen by observing that the stratification of M satisfies condition (B), 
and the proof of [15[ Proposition 2.6] can be adapted to produce an invarianl|j 
Thom-Mather structure on M, which induces a Thom-Mather structure on G\M. 

The following two lemmas are easy to prove. 

Lemma 2.4. Let A be a Hausdorff, locally compact and second countable space, 
{Ui} an open covering of A, and {Si,Ti) a Thom-Mather stratification of each Ui. 

(i) If (Si,Ti) and {Sj,Tj) have the same restrictions to Uij :—UiC\ Uj for all i 
and j , then there is a unique Thom-Mather stratification {S, r) on A whose 
restriction to each Ui is {Si , ) . 

(ii) If iiSi\u,j)con,iTi\Uij)con) = ( (5j | [/, Jcon, (tj" | t/^j )con) for alii and j , then 
there is a unique Thom-Mather stratification (5, r) on A with connected 

strata such that {{S\ui)con, (T|[/Jcon) = (^i^con, Ti,con)- 

Lemma 2.5. Let (A',5',r') be another Thom-Mather stratification. 

(i) With the notation of Lemma \2.4\ {i) , let fi : {Ui,Si,Ti) {A' ,S' ,t') be a 
morphism for each i. If fi\uij = fjluij for all i and j , then the combination 
of the maps fi is a morphism f : {A,S,t) (A' ,S' ,t'). 

(ii) With the notation of Lemma \2.4\ {ii), let fi : {Ui,Si,con,Ti,con) ^ {A',S',t') 
be a morphism for each i. If fi\uij = fjluij for all i and j, then the 
combination of the maps fi is a morphism f : (A,S,t) — >■ (A' ,S' ,t'). 



'G acts by automorphisms. 
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Remark 3. As a particular case of Lemma 12.41 given a comitable family of Thom- 
Mather stratifications, {Ai = {Ai,Si,Ti)}, there is a unique Thom-Mather stratifi- 
cation {S,t) on the topological sum |Jj whose restriction to each Ai is {Si,Ti); 
this {S,t) will be called the sum of the Thom-Mather stratifications {Si,Ti). 

2.1.2. Products. The product of two weak Thom-Mather stratifications, A and A' , 
has a weak Thom-Mather stratification A x A' = {A x A',S",t") with S" = 
{XxX'lXeS, X' e 5'} andr^,^, = [^.x'.^x.X', Px.X'l where rj[,^, = 
Tx X T'x,, TT^xX' = X TT^, and p'^^^'i^^^') = Px{x) + p'x'{x'). 

If A and A' are Thom-Mather stratifications and the depth of at least one of 
them is zero, then A x A' is a Thom-Mather stratification, but this is not true 
when the depths of A and A' are positive Section 1.2.9, pp. 5-6]. Another 
choice of pxxX' is needed to get the second equality of Definition 12. 11 - (¥1*1. For 
instance, PxxX' — ''^^^{px, p'x'} satisfies that condition, but it is not smooth on 
the intersection of the strata with T'^^^,. To solve this problem, pick up a function 
h : [0, oo)^ — > [0, oo) that is continuous, homogeneous of degree one, smooth on R^, 
with /i"^(0) — {(0, 0)}, and such that, for some C > 1, we have h{r, s) — max{r, s} 
if C min{r, s} < max{r, s}. Then Ax A' becomes a Thom-Mather stratification by 
setting p'^^^,{x,x') = h{px (x) , p'-^, {x')); it will be called a product of A and A'. 

2.1.3. Cones. Recall that the cone with link a non-empty topological space L is the 
quotient space c{L) = L x [0, oo)/L x {0}. The class * — Lx {0} is called the vertex 
or summit of c{L). The element of c(L) represented by each {x, p) £ L x [0, oo) will 
be denoted by [x, p]. The function on c{L) induced by the second factor projection 
L X [0,oo) — >■ [0,oo) will be called its radial function, and will be usually denoted 
by p. Notice that c{L) is locally compact if and only if L is compact. It is also 
declared that c(0) is the singleton space {*}, and the above terminology can be 
obviously adapted to this case. 

Now, suppose that i is a compact Thom-Mather stratification. Then c{L) has 
a canonical Thom-Mather stratification so that {*} is a stratum, its restriction to 
c{L) \ {*} ~ Lx M_|_ is the product Thom-Mather stratification, and the tube of {*} 
is [c(i),7r, p], where p is the radial function and tt is the unique map c{L) — > {*}. 
If L 0, then depth c(L) — depth L + 1 and dimc(i) = dimi + 1. For any e > 0, 
letc,(L) = p-i([0,e)). 

Let L' be another compact Thom-Mather stratification, and let *' denote the 
vertex of c{L'). If L 7^ 0, the cone of any morphism / : L — L' is the morphism 
c(/) : c{L) c{L') induced by / x id : L x [0, cx)) L' x [0, 00). If L = 0, c(/) is 
defined by mapping * to Reciprocally, it is easy to check that, for any morphism 
h : c{L) — >■ c(L'), there is some morphism f : L ^ L' such that h — c{f) near *; in 
particular, h{*) = Let c(Aut(L)) = { c(/) | / G Aut(L) } C Aut(c(L)). 

Example 2.6. For each integer m > 1, there is a canonical homeomorphism can : 
c(§™^^) K™ defined by can([x,/9]) = px. Of course, this is not an isomorphism 
of Thom-Mather stratifications, but it restricts to a diffeomorphism of the stratum 
S™-! X M+ of c(§"'-i) to M" \ {0}. Via can : c(§"-i) R", the radial function of 
c(§''"^^) corresponds to the function p(){x) — \x\ on R™, which will be also called the 
radial function on R™ for the scope of this paper. If pi is the radial function on c(L) 
for some compact Thom-Mather stratification L, then the function p = \/ Pq + Pi 
will be called the radial function on R™ x c(L). 
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The following argument shows that a product of two cones is isomorphic to a 
cone. With the above notation, let p : c{L) — > [0, oo) and p' : c{L') — > [0, oo) be the 
radial functions, and let p" = h{p x p') : c{L) x c(L') — > [0,oo) for a function h like 
in Section [2.1.21 Since the restrictions p : L x M_|_ and p' : L' x R+ M+ 

are submersive weak morphisms, and h : — > M-|_ is non-singular, it follows 
that p" : c{L) x c{L') \ {(*,*')} ~^ ^+ is a submersive weak morphism. Hence 
L" = /o""^(l) is saturated in c{L) x c{L') [42l Lemma 2.9, p. 17]. Let *" denote 
the vertex of c{L"). Since h is homogeneous of degree one, the mapping 



defines an isomorphism c{L") — > c{L) x c{L'), whose inverse is given by (*, *') i-> 
and 



2.1.4. Conic bundles. Let X be a smooth manifold, L a compact Thom-Mather 
stratification, and tt : T — ^ X a fiber bundle whose typical fiber is c(L) and whose 
structural group can be reduced to c(Aut(L)). Thus there is a family of local 
trivializations of tt, {{Ui,4)i)}, such that the corresponding transition functions 
define a cocycle with values in c(Aut(_L)); i.e., for all i and j, there is a map hij : 
Uij := UiHUj — > c(Aut(L)) such that 4>j4>'^^ {x,y) — {x, hij{x){y)) for every x € Uij 
and y € c(L). Thus we get another cocycle consisting of maps gij : Uij — >■ Aut(L) so 
that hij{x) = c{gij{x)) for all x e Uij. Consider the Thom-Mather stratification on 
each open subset 7r~^(C/i) C T that corresponds by 0; to the product Thom-Mather 
stratification on Ui x c{L). For each connected open V C Uij and every stratum 
A^o of L, there is an stratum A''i of L such that gij{x){NQ) = Ni for all x G V, and 
suppose also that, in this case, the map V" x A^o ~^ ^i, {x,y) gij{x){y), is smooth. 
Then each mapping {x,y) i— >■ {x,gij{x){y)) defines an automorphism of Uij x L. 
This means that the induced Thom-Mather stratifications on 7T~^{Ui) and Tr~^{Uj) 
have the same restriction to TT^^{Uij). By Lemma [2^ (i). it follows that there is a 
unique Thom-Mather stratification on T whose restriction to each TT~^{Ui) is the 
above Thom-Mather stratification. Furthermore there is a canonical section of tt, 
called the vertex (or summit) section, which is well defined by a; n- = (j)Y^{x, *) 
if a; S Ui, where * denotes the vertex of c{L); each *x can be called the vertex of 
the fiber over x. The image of the vertex section is a stratum of T, called the vertex 
(or summit) stratum, which is diffeomorphic to X . 

If TT : T — > X is endowed with a maximal family $ of trivializations satisfying 
the above conditions, it will be called a conic bundle, and the corresponding Thom- 
Mather stratification on T is called its conic bundle Thom-Mather .stratification. It 
will be also said that $ is the conic bundle structure of tt. 

Let p : c{L) — > [0,oo) be the radial function. Its lift to each Ui x c{L) is also 
denoted by p. The functions (jf p on the sets tt^^ ([/.;) can be combined to define 
a function p : T ^ [0,oo). The tubular neighborhood of A" in T is [T, tt,/?], and 
{T,'K,p) is called its canonical representative. 

Let tt' : T' — > X' be another conic bundle, whose structure is given by a family $' 
of trivializations as above. Let : T — ^ T' be a fiber bundle morphism over a map 
/ : X — > X' . Then we can choose {{Ui,(t)i)} as above and a family {([//, 0-)} C $' 
such that f{Ui) C C// for aU i, and therefore F{-k-^{U,)) C ii'^^{U'i). Let h[j = 



[{[x,r], [x' ,r']),s] ^ {[x,rs], [x' ,r' s\) 




if (r,r')^ (0,0). 
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c{g[j) : U-j U- n [/j — > c(Aut(L')) be the maps defined by the transition maps 
(p'j (j>[^^ as above. Suppose that there are maps Ki : Ui ^ Mor(L, L') such that 
Kj{x) gij{x) — g'ij{f{x))Kj{x) for all x £ Uij. For each connected open V C Ui 
and every stratum A'' of L, there is an stratum N' of L' such that Ki{x){N) C 
N' for all X G V, and assume also that, in this case, the map V x N ^ N', 
{x,y) I— Ki(x){y), is smooth. Then F is called a morphism of conic bundles. In 
this case, each mapping (a;,?/) i— i,f{x), Ki{x){y)) defines a morphism Ui x c(L) — 
Ul X c{L'). So each restriction F : Tr^^{Ui) — !• Tr'~^{Ul) is a morphism of Thom- 
Mather stratifications, and therefore : T ^ T' is a morphism of Thom-Mather 
stratifications by Lemma l2.5l -(i). According to Section [2.1.31 a-ny morphism of 
Thom-Mather stratifications between conic bundles, preserving the vertex stratum, 
equals a conic bundle morphism near the vertex stratum. 

The case of conic bundles is specially important because, as pointed out in [U 
Chapitre A, Remarque 3], the proof of [42l Theorem 2.6, pp. 16-17] can be easily 
adapted to get the following. 

Proposition 2.7. Let A = {A,S,t) be a Thom-Mather stratification with con- 
nected strata. Then, for any X Cz S, there is some (T, tt, p) € tx such that 
TT : T — > A admits a structure $ of conic bundle such that the corresponding 
conic bundle Thom-Mather stratification is {S\t,t\t)- 

Remark 4. (i) The notation Tx, ttx, px, Lx and ^x will be used when a 
reference to the stratum X is desired. 

(ii) The connectedness of the strata is assumed for the sake of simplicity. In the 
general case, the description of Proposition [2771 holds around the connected 
components of the strata. 

(iii) We can choose p so that (T, tt, p) is the canonical representative of the tube 
around A in T with its conic bundle Thom-Mather stratification. 

Definition 2.8. A chart or distinguished neighborhood of A is a pair (O,^), where 
O is open in A and, for some A S 5 and e > 0, with the notation and conditions 
of Proposition I2I71 ^ is an isomorphism O ^ B x Ce{L) defined by some {U, (j>) G ^ 
and some chart {U, () of A with C{U) = B, where B is an open subset of K™ for 
m = dim A. It is said that (O,^) is said to be centered at a; S A if _B is an open 
ball centered at and ^(x) = (0, *), where * is the vertex of c{L). A collection of 
charts that cover A is called an atlas of A. 

Remark 5. Definition 12.81 also includes the case where any factor of the product 
X c(L) is missing by taking to = or L = 0. 

Remark 6. The following two assertions follow by using charts and induction on 
the depth of the strata: 

(i) In any Thom-Mather stratification, there is at most one dense stratum, 
which is open. 

(ii) Any stratum with compact closure has a finite number of connected com- 
ponents. 

2.1.5. Uniqueness of Thom-Mather stratifications. 

Lemma 2.9. Let A be a Hausdorff, locally compact and second countable space, let 
(j4',5',r') be a Thom-Mather stratification with connected strata, and let f : A ^ 
A' be a continuous map. Then there is at most one Thom-Mather stratification 
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(5, r) on A with connected strata so that f : (A,S,t) — > (yl',5',r') is a morphism 
that restricts to local diffeomorphism between corresponding strata. 

Proof. Let {S, r) be a Thom-Mather stratification on A satisfying the conditions of 
the statement. Then the elements of S are the connected components X of the sets 
f^^{X') for X' e S, endowed with the differential structure so that f : X —i' X' 
is a local diffeomorphism. Thus the elements of S are determined by / and the 
elements of S'. 

Let X e 5 and X' e S' with f{X) C X', and let (T, tt, p) e tx and (T', tt', p') e 
T^, with /(T) C T', tt' / = / tt and p' f = p: in particular, p is determined by / 
and p'. Let X € T and x' = f{x) G T', and let F G 5 such that x € Y. Then 
f Tr{x) — n'{x'), obtaining that tt{x) is the unique point of X n f~^{n'{x')) that is 
contained in the connected component of x in /-^tt' (7r'(x')). It follows that TT IS 
also determined by / and tt', and therefore tx is determined by / and r^,. □ 

2.1.6. Relatively local properties on strata. The following kind of terminology will 
be used for a subspace X of an arbitrary topological space A. Let V he a property 
that may hold on open subsets U C X; for the sake of simplicity, let us say that 
"[/ is V" when V holds on U. It is is said that X is relatively locally (or simply, 
rel-locally) V at some x X ii there is a base U of open neighborhoods of a; in A 
such that U X IS V for all J7 G Z^; if X is rel-locally V at all points of X, then 
X is said to be relatively locally (or simply, rel-locally) V . Similarly, V is said to 
be a relatively local (or simply, rel-local) property when X is T' if and only if it is 
rel-locally V . 

We will apply this terminology to the case where A is a Thom-Mather strati- 
fication and X is a stratum of A. For instance, on X, we will consider functions 
that are rel-locally bounded or rel-locally bounded away from zero, rel-locally fi- 
nite open coverings, and rel-local connectedness at points of X. Any locally finite 
covering of X by open subsets of A restricts to a rel-locally finite open covering of 
X] thus there exist rel-locally finite open coverings of X by the paracompactness 
of A. Observe that X is compact if and only if any rel-locally finite open covering 
of X is finite. 

2.2. Adapted metrics on strata. The definition of adapted metrics was given 
for the regular stratum of any Thom-Mather stratification that is a pseudomanifold 
[ini HH [Ml 133 • But its definition has an obvious version for any stratum of a Thom- 
Mather stratification. In this paper, we will consider only the simplest type of 
adapted metrics, whose definition is recalled. The corresponding (componentwise) 
metric completion of strata will be specially studied. 

2.2.1. Adapted metrics on strata and local quasi- isometrics between Thom-Mather 
stratifications. Let A be a Thom-Mather stratification. The adapted metrics on its 
strata are combinations of the adapted metrics on their connected components with 
respect to the Thom-Mather stratification defined by those connected components. 
Thus we can assume that the strata of A are connected to define adapted metrics. 
This definition is given by induction on the depth of the strata. 

Definition 2.10. Let M be a stratum of A. If depth M = 0, then M is a closed 
manifold, and any Riemannian metric on M is called adapted. If depth Af > and 
adapted metrics are defined for strata of lower depth, then an adapted metric on M 
is a Riemannian metric g such that, for any point x G M \ M , there is some chart 
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(O, £_) of A centered at x, with ^(O) ^ Bx c^L) and £_{0 n M) = B x N x (0, e) 
for some stratum N of L, so that g is quasi-isometric to £,*{go + p^g + {dpY) on O, 
where g^ is the standard Riemannian metric on M™, p is the standard coordinate 
of M+, and g is some adapted metric on iV, which is defined because the depth of 
in L is smaller than the depth of M in A. 

Remark 7. Since all Riemannian metrics on a smooth manifold are locally quasi- 
isometric, any metric on K.™ could be used in Definition 12. 101 instead of g^. 

Remark 8. The following properties follow by taking charts and using induction on 
the depth of the strata: 

(i) Any pair of adapted metrics on Af , g and g', are rel-locally quasi-isometric; 
in particular, if M is compact, then any pair of adapted metrics on M are 
quasi-isometric . 

(ii) Any point in M has a countable base { Om | to G N } of open neighborhoods 
such that, with respect to any adapted metric, vol(Af n Om) — > and 
max{ diamP | P G ■7Tq{M n Om) } — >■ as to — >■ oo; in particular, if AI is 
compact, then, with respect to any adapted metric, we have volM < oo 
and diamP < oo for all P £ 7ro(A/). 

(iii) Any morphism of Thom-Mather stratifications restricts to rel-locally uni- 
formly continuous maps between corresponding strata with respect to ar- 
bitrary adapted metrics. 

(iv) If g and g' are adapted metrics on strata M and M' of Thom-Mather 
stratifications A and A' , respectively, then g (B g' is an adapted metric on 
the stratum M x M' of any product Thom-Mather stratification on Ax A' 
(Section HXll). 

In O Appendix], it was proved that there exist adapted metrics on the regular 
stratum of any Thom-Mather stratification that is a pseudomanifold. It can be 
easily checked that the same argument proves the existence of adapted metrics on 
any stratum M of every Thom-Mather stratification A. 

Example 2.11. The proof in [5i Appendix] also shows the following: 

(i) With the notation of Definition 12.101 the metric g = go + P^g + [dp)^ is 
adapted on the stratum M ~ M™ x N x M_|_ of c{L); it will be called a 
model adapted metric. 

(ii) Given a rel-locally finite atlas {(Oa, ^a)} of M, a smooth partition of unity 
{Aa} subordinated to the open covering {M n Oa} of Af, and an adapted 
metric ga on each M H Oa, then the metric A^ga on M is adapted. 

Example 2.12. For an integer to > 1, let 50 be the restriction to S™^^ of the 
standard metric go of R™. Then, via can : c(§'"-i) -J> (Example [2H) , the 
model adapted metric gi = p^go + {dp)^ on the stratum §"'^^ x M+ of c(§'"^^) 
corresponds to go on M™ \ {0}. 

Example 2.13. With the notation of Example 12. 3[ for any invariant Riemannian 
metric g on A/, consider the Riemannian metric g on the strata of G\M so that 
the canonical projection of the strata of M to the strata of G\M is a Riemannian 
submersion. The proof of [TSl Proposition 2.6] can be easily adapted to produce an 
invariant Thom-Mather structure on M so that the restriction of g to any stratum 
is adapted. Hence g is adapted for the induced Thom-Mather structure of G\Af. 
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A weak isomorphism between Thorn-Mather stratifications is called a local quasi- 
isometry if it restricts to rel-local quasi-isometries between their strata with re- 
spect to adapted metrics; this is independent of the choice of adapted metrics 
by Remark [8]- (i). In particular, a local quasi-isometry between compact Thorn- 
Mather stratifications restricts to quasi-isometries between their strata; thus a lo- 
cal quasi-isometry between compact Thom-Mather stratifications will be called a 
quasi-isometry . The condition of being locally quasi-isometric defines an equiv- 
alence relation on the family of Thom-Mather stratifications on any HausdorfF, 
locally compact and second countable space; each equivalence class will be called a 
quasi-isometry type of Thom-Mather stratifications. By Remark |8]-(iv), the product 
of Thom-Mather stratifications is unique up to local quasi-isometries. 

Definition 2.14. Consider an adapted metric on a connected stratum M of a 
Thom-Mather stratification A, and let d denote the corresponding distance function 
on M. For each x € M and p > 0, the relative ball (or rel-ball) of radius p and 
center x is the set consisting of the points y G M such that there is a sequence 
(zfc) in M with \im.k Zk — x in M and limsup^. c?(?/, z^) < p. The term p-relative 
neighborhood (or p-rel-neighborhood) of x will be also used for this concept. 

Example 2.15. (i) The rel-balls centered at points of M are the usual balls, 
(ii) In the case of a model adapted metric on the stratum M ~ N x of c{L), 
the p-rel-neighborhood of the vertex * is iV x (0,p). 

2.2.2. Relatively local completion. Let M be a stratum of a Thom-Mather stratifi- 
cation A, and fix an adapted metric g on M. 

Definition 2.16. Assume first that M is connected, and consider the distance 
function d on M induced by g. The relatively local completion (or simply, rel-local 
completion) is the subspace M of the metric completion of M whose points can be 
represented by Cauchy sequences in M that converge in A\ the limits in M of those 
sequences define a canonical continuous map lim : Ad ^ M . The canonical dense 
injection of M into its metric completion restricts to a canonical dense injection 
t : M M satisfying lim l ~ id^v/. The more specific notation limM and lm may 
be also used. ^ 

If M is not connected, then M is defined as the disjoint union of the rel-local 
completions of its connected components. 

Remark 9. (i) If M is compact, then M is independent of the choice of the 
adapted metric by Remark [5]-(i). 
(ii) For any open O C A, M D O can be canonically identified to the open 
subspace lim"\M n O) C M. 

Example 2.17 (Relatively local completion of the strata of cones). Let L he a 
compact Thom-Mather stratification and M a stratum of c{L). With the notation of 
Section [2T3l if Af = {*}, then M = M, obviously. Now, suppose that M — N x R-f 
for some stratum N of L. Consider the model adapted metric g = p^g -\- (dp)^ for 
some adapted metric g on N, and the corresponding rel-local completion M. ttqIN) 
is finite by Remark|B]-(ii). For each P S ttq{N), let P denote the rel-local completion 
of P with respect to L^om which is independent of the choice of g. Then it is easy 
to check that 

M = \_\pP xR+ ^""'"""^ Up P X M+ Up c(P) 
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extends to a homeomorphism M — > |Jpe;To(A') '^i^)- 

Remark 10. The following properties follow easily by using charts, induction on 
the depth of the strata, Example 12 . 1 71 and Remark [5]-(ii): 

(i) lim : M — > M is surjective with finite fibers. 

(ii) M is rel-locally connected with respect to M . 

(iii) If M is compact, then M is compact, and therefore its connected compo- 
nents are the metric completions of the connected components of M . 

Proposition 2.18. (i) M has a unique Thorn-Mather stratification with con- 
nected strata such that lim ; M — > M is a morphism that restricts to local 
diffeomorphisms between corresponding strata. In particular, the connected 
components of M can be considered as strata of M via lm ■ 

(ii) The restriction of g to the connected components of M are adapted metrics 
with respect to M . 

(iii) Let M' be a connected stratum of another Thorn-Mather stratification A' 
endowed with an adapted metric. Then, for any morphism f : A A' 
with f{M) (Z M' , the restriction f : M ^ M' extends to a morphism 
f : M ^ M' . Moreover f is an isomorphism if f is an isomorphism. 

Proof. This is proved by induction on depth Af. If depth Af — 0, then A/ = M = 
Af, and there is nothing to prove. 

Suppose that depth Af > and the statement holds for strata of lower depth. 
We can assume that the strata of M is connected. For each stratum X oi M, 
let (TxjTTXjPx) be a representative of the tube around X in M satisfying the 
conditions of Section 12.1.41 with a compact Thom-Mather stratification Lx and a 
family {(Ui,(j)i)} of local trivializations of nx. The corresponding cocycle with 
values in c(Aut(Lx)) consists of the maps hij : Ui D Uj — c{Aut{Lx)) defined by 
hij{x) — {(j)j ){x, •). We have hij{x) = c{gij{x)) for a cocycle consisting of maps 
g^j ■.a.nUj ^ Aut{L^). _ 

By the density of M in M and Remark [6]- (i), there is a dense stratum N of Lx 
so that 4'i{MD'Kx^{Ui)) — UiX N x K_|_ for all i. Consider triples (x, i, P) such that 
X £ Ui and P £ 7ro(A^). Two triples of this type, {x, i, P) and (y, j, Q), are declared 
to be equivalent \i x — y and gij(x){P) = Q. The equivalence class of each triple 
{x,i,P) is denoted by [x,i,P], and let X' denote the corresponding quotient set. 
There is a canonical map fx'-X'^ X, defined by fx{[x, i, P]) — x. Consider the 
topology on X' determined by requiring that the sets p = { [x, i,P] \ x & Ui} are 
open, and the restrictions fx ■ U- p ^ Ui are homeomorphisms. Notice that fx is a 
finite fold covering map; in particular, in the case X = M , fM is a homeomorphism. 
Consider the differential structure on each X' so that fx is a local diffeomorphism. 

By the induction hypothesis, for each P e 7ro(iV), P satisfies the statement 
of the proposition with some Thom-Mather stratification. Consider quadruples 
{x,i,P,u) such that x g Ui, P G Tro{N) and u G c(P). Two such quadruples, 
{x,i,P,u) and {y,j,Q,v), are said to be equivalent if x — y, gij{x){P) — Q and 

c{gij{x)){u) = V. The equivalence class of each quadruple {x,i,P,u) is denoted by 
[x,i, P,u\, and let T'^ denote the corresponding quotient set. There are canonical 
maps, tt'^ -.T'x X' , hm^ : Tj^ Tx, p'x-T^'x ^ 0°) and i!^ : M ^Tx ^ 
T'x defined by tt^ ([x, i, P, w]) = [x,i,P], lim^([a;, i, P, w]) = 0,~^(a;, c(limp)(u)). 
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Pxi[x,i, P,u]) — p{u), and i'x{z) ~ [x,i, P, {Lp{v),r)] if z e Mn7r^^{Ui) and 
(j)i{z) = {x, v,r) G Ui X P X ]R_|_. Notice that fx tt'x = t^x limx ^nd px t^'x — p'x- 

Let G C Aut(Lx) be the subgroup generated by the above elements gij{x). Since 
the canonical action of G on Lx preserves N, we get an induced action of G on 
7ro(A^). Since X is connected, there is a bijection between G\ttq{N) and the set 
ttq{X') of connected components oi X' , where any orbit O £ G\tto{N) corresponds 
to the connected component Xj^ E tto{X') consisting of the points [x,i,P] G X' 
with P eO. Also, let T^ a = i^x) i^o) ^ ^x- 

Given any O G G\Tro{N), fix some Pq G O. For any other P E O, there is 
some gp G G such that gp{P) = Po- Thus the restriction gp : P ^ Pn induces 
a map gp : P ^ Po, and let i/)^ p : {'^'x)^^{U- p) — > U- p x c(Po) be the bijection 
defined by (f>'^ p{[x,i, P,u]) — {[x,i, P],c{gp){u)). Consider the topology on Tx q 
determined by requiring that the sets {T^x)~^{Ui p) are open, and the maps (j)'^ p 
are homeomorphisms. Then the maps i/)^ p are local trivializations of the restriction 
tt'x o '■ T'x Q — > Xq of it'x , obtaining that tt^ is a fiber bundle with typical fiber 
c(Po). The associated cocycle has values in c(Aut(Po)); in fact, it consists of the 
functions h[ p.- q U[ p fMJ'^ q ^ c(Aut(Po)) defined by 

Kp,3,Q{[x.i.P]){u) ^ c{g[ p.j Q{[x,i,P])){u) , 

where g'i^p.j^Q ■ U[ p n C/j g Aut(Po) is the cocycle given by 

5j,py\Q([a;,*,^']) ^gQgtj{x)gp^^ ■ 

The conditions of Section [2. 1.41 are satisfied, obtaining that tt'x q is a conic bundle, 
and therefore q can be endowed with the corresponding conic bundle Thom- 
Mather stratification. 

Since Nx,o '■= Upeo ^ '^^ G-invariant, the set Nx,o ^ K+ is invariant by 
all transformations hij{x) for x E Uij, and therefore it defines an open sub- 
space Mx,o C MDTx. Let lim^^o : Tj^^ ^ Tx, p'x,o ■ T^,o ^ [0>oo) 
and l'x q '■ Mx o ^ T'x o be defined by restricting lim^ , p'x and i'x ■ Then 
{T'x, o^'^'x,o^ P'x,o) the canonical representative of the tube of X' in Tj^ l'x^q 
is a dense open embedding, lim^ ^ l'x o ~ i*^' ^^"^ the conic bundle 

morphism over fx X'q — )■ X induced by the maps K^^p : p — Mor(Po,Lx) 
given by Ki^p{[x,i, P]) — hmp gp^^ (Section [2.1.4p . By the induction hypothesis, 
Ki^p{[x,i, P]) restricts to local diffeomorphisms between corresponding strata, and 
therefore lim^ q restricts to local diffeomorphisms between corresponding strata. 

On Tx = UoeG\7ro(Af) O' consider the sum of the topologies and Thom- 
Mather stratifications of the spaces Tx q (Remark [3]). By Lemma [2.51 -fi'). lim^ : 
Tx Tx is a morphism that restricts to local diffeomorphisms between corre- 
sponding strata. Observe that the strata of are connected. 

By using the local trivializations of ttx and each n'x q , and Example 12.171 it 

follows that l'x q '■ Mx,o ^ Tx q extends to an isomorphism Mx.o ^ T'x q 
such that lim^ q corresponds to limjvfx o ■ Hence l'x '■ M C] Tx T'x extends to 
an isomorphism M n Tx — > T'x such that lim^ corresponds to liniMnTx ■ Then, 
according to Remark 121- (ii), we can consider the spaces T'x as open subspaces of A/, 
obtaining an open covering of M as X runs in the family of strata of M. Moreover 
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each restriction liniM : T'^ — > M n Tx restricts to local diffeomorphisms between 
the corresponding strata. Hence, by Lemma I2.9[ for strata X and Y of Af , the 
restrictions of the Thom-Mather stratifications of T'^ and Ty to T'^ n Ty induce 
the same Thom-Mather stratification with connected strata. By Lemma f2.4l -(ii). 
it follows that there is a unique Thom-Mather stratification with connected strata 
on M whose restriction to each T'^ induces the above conic bundle Thom-Mather 
stratification. By Lemma I2.5l -(ii). limM is a morphism because its restriction to 
each T'^ is a morphism. This completes the proof of (i) . 

In the above construction, consider every U[ p x Po as a stratum of each U[ p x 

c(Po) via id xtp^. Let g[ p be any Riemannian metric on U[ p^ and let be an 
adapted metric on Pq with respect to Pq C Lx ■ Thus g'l p + go is an adapted metric 
on U[ p X Pq, and therefore, by the induction hypothesis, it is also adapted with 
respect to LZ/p x c(Po). Hence, considering each Mx,o as a stratum of T'^ via 
i^'x restriction of g to each Mx.o is adapted with respect to P^^, and (ii) 

follows. 

Part (iii) follows from (i), (ii) and Remark [8]-(iii). □ 



3. Relatively Morse functions 

Our version of Morse functions on strata is introduced and studied in this section. 

Let M be a stratum of a Thom-Mather stratification A, and fix an adapted 
metric g on M . Identify M and its image by the canonical dense open embedding 
l: M ^ M. Let / e C^{M). 

Definition 3.1. (i) It is said that / is relatively admissible (or simply, rel- 
admissihle) with respect to g if /, \df \ and |V(i/| are rel-locally bounded. 

(ii) A point x £ M is called relatively critical (or simply, rel-critical) if 

liminf |d/(y)|=0 

for some adapted metric. The set of rel-critical points of / is denoted by 
Crit,ei(/). 

(iii) A point x e Criti.ci(/) is said to be relatively non- degenerate (or simply, 
rel-non-degenerate) if there is some neighborhood O of a; in M and some 
c> such that \Vydf\ > c \v\ for all v e T{M f] O). 

Remark 11. (i) Let O be any open subset of A. If / G C°°{M) is rel-admissible 
with respect to g, then /|j\/no is rel-admissible with respect to glnno- 

(ii) The rel-local boundedness of \df \ is invariant by rel-local quasi-isometries, 
and therefore it is independent of g, but the rel-local boundedness of \S/df\ 
depends on the choice of g. However it follows from Lemma l3.4l and Propo- 
sition 13.51 below that the existence of g so that / is rel-admissible with 
respect to g is a rel-local property. 

(iii) If depth Af = 0, then any smooth function is admissible, and its (rel-non- 
degenerate) rel-critical points are its (non-degenerate) critical points. 

(iv) A rel-admissible function on M may not have any continuous extension to 
M, but it has a continuous extension to A/ by the rel-local boundedness of 
\df\. Thus it becomes natural to define its rel-critical points in M. 
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(v) The admissible functions on M form a unital subalgebra of C°° (M) because 
d is a derivation and, for f,hE C°°{M), 

Vd{fh) ^df®dh + fVdh + dh®dj + hVdf . 

Example 3.2. With the notation of Example [2ll^ (i). for any h € C^{R+), the 
function h{p) is rel-admissible on the stratum R™ x N x ]R+ of R™ x c{L) with 
respect to any model adapted metric. 

Example 3.3. With the notation of Examples 12.31 and 12.131 for any G-invariant 
smooth function / on M, let / denote the induced function on G\AI, whose re- 
striction to each stratum is smooth, and df is the pull-back of df on corresponding 
strata of M and G\M. Fix any invariant metric on M and consider the induced 
adapted metric on the strata of G\M. The restriction of Hess / to horizontal tan- 
gent vectors on the strata of M corresponds via the canonical projection to Hess / 
on the strata of G\M by (35l Lemma 1]. It easily follows that / is rel-admissible 
on the strata of G\M. 

Lemma 3.4. For any rel-locally finite covering {Oa \ a E A} of M by open 
subsets of A, there is a smooth partition of unity {Aa} on M subordinated to the 
open covering {M n Oa\ such that, for any adapted metric on M, each function 
\dXa\ is rel-locally bounded. 

Proof. If depth A/ = 0, then the rel-locally bounded smooth functions on M are 
the locally bounded ones, and therefore the statement holds in this case because 
any continuous function is locally bounded. Thus suppose that depth M > 0. For 
< fc < depth Af, let denote the union of all strata X < AI with depth X < k. 
The lemma is given by the case k = depth M in the following assertion. 

Claim 1. For < k < depth Af, there is a family of smooth functions {Xa.k} on Af 
such that: 

(i) < Ea Kk < 1 for all fc; 

(ii) Xa,k is supported in M n Oa for all a € A; 

(iii) there is some open neighborhood Uk of in A so that J^a ^a,k = 1 on 
UkCiM; and, 

(iv) for any adapted metric on M, each function |(iAa,fc| is rel-locally bounded. 

This claim is proved by induction on k. To simplify its proof, observe that it is 
also satisfied for k = —1 with "S-i = U-i = 0, and Xa,-i ~ for all a G A. 

Now, assume that Claim [T] holds for some k E { — 1, 0, . . . , depth Af — 1}. Let 14 
be another open neighborhood of ^k in A such that Vk C Uk- We can assume that 
the strata of A are connected by Remark [T]- (v) . 

Sk+i \ Sk is the union of the strata X that satisfy X \ X C 5'fc, and therefore 
the sets X \Vk are closed in A\Vk and disjoint from each other. For the strata 
X C Sk+i \ choose representatives (Tx, ttx, px) ^ tx satisfying the properties 
of Definition 12. 11 (iv)~fvi'). Proposition 12.71 and Remark ID- (iii). Let $x denote the 
conic bundle structure of ttx- Moreover, like in Remark [T]-(ii), we can assume that 
the sets Tx \ Vk are disjoint one another. 

By refining {Oa} if necessary, we can suppose that, for each stratum X C ^k+i \ 
^ki any point in X \ T4 is in some set Oa such that there is a chart of A of the form 
(Oo,Ca), obtained from a local trivialization in $x according to Definition 12. 8| in 
this case, let ^a(Oa) — Ba x Ce^{Lx) for some open subset Ba C M™^ and some 
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Ea > 0, where mx — dimX; let Ax be the family the indices a ^ A that satisfy this 
condition. For each a e Ax, take a smooth function ha : [0, oo) — > [0, 1] supported 
in [0, ea) and such that ha — \ around 0. Let { /ia | a e Ax } be a smooth partition 
of unity on ^k+i \ Vk subordinated to the open covering {Oa\Vk \ a G Ax }■ Set 
= J2a ^a,k- Then define 

Aa,fe+1 = ^a,k + (1 ^ Afe) • p*xha ' T^xfJ'a 

if a G Ax for some stratum X C dk+i \ dk, and Xa.k+i = ^a.k otherwise. These 
functions are smooth on M because Xk is smooth and equals 1 on Uk- It is easy to 
check that they also satisfy Claim [T]-(i)-(iv). □ 

Proposition 3.5. Let {Oa \ a € A} be a rel-locally finite covering of M by open 
subsets of A, let {Xa} be a partition of unity on M subordinated to the open covering 
{M D Oa} satisfying the conditions of Lemma \3.4\ and let f G C°°{M) such that 
each flMnOa "^^ rel- admissible with respect to some metric ga on M H Oa- Then f 
is rel- admissible with respect to the adapted metric g = Aaffa on M . 

To prove Proposition 13.51 we will use the following lemma. 

Lemma 3.6. Let X be a Riemannian manifold of dimension n, and let f £ C°^{X) 
and p E X . If (df)(p) ^ 0, then there is a system of coordinates (x^, . . . , a;") of X 
around p such that {di{p), . . . ,d„{p)) is an orthonormal reference and didjf — 
for all i,j G {1, . . . , n}, where di = d/dx^ . 

Proof. Because {df){p) ^ 0, the 1-form df defines a codimension one foliation 
around p (its tangent bundle is kerc?/). By using a foliation chart around p, it 
follows that there is a system of coordinates (x^, . . . around p such that the 
vectors . . . , 9„_i(p) are orthonormal, and x" = f /\{df ){p)\. It is easy to 

check that these coordinates satisfy the stated properties. □ 

Proof of Proposition \3.5i Let | |q and V° denote the norm and Levi-Civita connec- 
tion of each ga, and let | | and V denote the norm and Levi-Civita connection of g. 
On every M n Oa, the functions \df\a and |V°c(f |a are rel-locally bounded. Since g 
and ga are rel-locally quasi-isometric on M n Oa, we get that \df\ and IVd/j are 
rel-locally bounded on M n Oa- By shrinking {Oa} if necessary, we can assume 
that there are constants Ka > and Ca > 1 such that 

\df\,\V''df\,\dXa\<Ka on MnOa, (4) 

7^|^|a<|^|<Ca|^|a ^X eT{MnOa) ■ (5) 

For any fixed oq G A, it is enough to prove that \Vdf\ is bounded on M n Oag- 
For each p E M Oaa, take any system of coordinates {x^, . . . , x") on some open 
neighborhood U of p in M such that {di{p), . . . , 9„(p)) is an orthonormal reference 
with respect to g. Let 5a, ij and gij be the corresponding metric coefficients of 
ga and g on Oa U and U, respectively; thus gijip) — Sij, and we can write 
gij = J2a '^aga,ij On U. As usual, the inverses of the matrices (ga.ij) and (gij) are 
denoted by (g^J) and (5*^). By ([S]) and since gij{p) = Sij, we have 

■^9aMp) < 1 < CagaMp) 
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for alH e {1, . . . , n} if p e Oa, giving 

\9a,^j{p)\ = ^ I \^^{p) + dj{p)\l - gaAp) " 9a,jj{p) I 

< i + dj{p)\l + gaMp) + gaM) 

<^(|5.(p)+5,(p)p + 2) = 2C,2 

for all «,j £ {!,...,«}. Since Oao meets a finite number of sets Oa, it follows 
that \ga,ij{p)\ and \g]^{p)\ are bounded by some C > 1, independent of the point 
p e Oao'. Similarly, by ©, we get that |(V'^d/)(p)| and |(ciAa)(p)| are 

bounded by some K >Q independent of the point p £ Oao ■ 

Let ^a,ij and F^^ be the Christoffel symbols of ga and 5 on Oa n C/ and 
respectively, corresponding to (x^, . . . , x"). Since gij{p) = 5ij{p), we hav^ 

r^^jb) = \{.digjk + djgik - dkgij){p) 

= 2 ^(ffajfe 9iAa + Aq digajk + .9a,ife 3j Aa + Aa djga,ik 
a 

- ga,ij dkXa - Aa dkga,i]){p) 

= 2 ^^9a,jk diXa + ga,ik djXa - ga,ij dkXa){p) 
a 

+ ^^a (p) K,tj (P) 9a Jk (p) ■ 
a 

On the other hand, 



Vdf ^ dx' ®V,{dkf dx 



k\ 



, , . ^ ^/T-^ 

Similarly, 



iVdf)ip)^-idkfTl^dx'(g>dx^)ip) , 
{\/^df)ip) = -idkfT':^,, dx^ ® dx^)ip) 



(6) 



^^^kf dx' ® dx'' - dkf dx' «) dx^ 
{didjf -dkfT%)dx'®dx^ . (7) 



v^d/ = / - a,./ r;; ) dx' ® dx^ . (8) 

If (d/)(p) = 0, then 

(vd/)(p) - ® dx^Kp) = (v''d/)(p) 

by O and ©, and therefore |(Vd/)(p)| < if. 

If {df){p) ^ 0, by Lemma [3.61 we can assume that the coordinates (x^, . . . ,a;") 
also satisfy {didjf){p) ~ for all i,j E {1, ■ • • So, by ([7]) and dS]), 



^Einstein convention is used for the sums involving local coefBcients. 
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Since g''^{p) = Sij, it follows that 1(9*;/ r^,y)(p)| < K for all i,j G {1, . . . and 
it is enough to find a similar bound for each |(5fe/r*^ )(p)|. But, by 



|(9fe/r^,)(p)l < 2l(^/)(P)l E + \9aMp)\ + \9aM\) 



We would like to define relatively Morse functions on M as rel-admissible func- 
tions whose rel-critical points are rel-non-degenerate. However an appropriate ver- 
sion of the Morse lemma [32l Lemma 2.2] is missing (see Problem 13.91 below) . and 
therefore they are defined by giving their "rel-local models" around their rel-critical 
points. 

Definition 3.7. It is said that / e C°°{M) is a relatively Morse function (or rel- 
Morse function) if it is rel-admissible with respect to some adapted metric and, for 
every x € Critrci(/), there exists a chart (O,^) of M centered at x, with £,{0) = 
B X Cf{L), such that, for some m± € N and compact Thom-Mather stratifications 
i±, there exists a pointed diffeomorphism 6*0 : (M'",0) (K'"+ x M"-,(0,0)), 
and a local quasi- isometry 9i : c{L) — )■ c(L+) x c{L-) so that /mho corresponds 
to a constant plus ^(p+ — p^) via {Oq x where p± is the radial function on 

R"± X c(L±) (Example [HI). 

Example 3.8. With the notation of Examples l2.2l -(v). l2.13l and (13.31) . the invariant 
Morse-Bott functions on M whose critical submanifolds are orbits form a dense 
subset of the space of invariant smooth functions [43l Lemma 4.8]. They induce 
rel-Morse functions on every orbit type stratum of G\M. 

Let / be a rel-Morse function on AI. For each x G Criti.ci(/), with the notation 
of Definition 13.71 let M± be the strata of c{L±) so that {Oq x 9i) ^ defines an open 
embedding of MdO into R™+ x R™- x M+ x M_ , where either M± is the vertex stra- 
tum of c{L±), or M± ~ N± x R+ for some stratum N± of L± with n± = dimM±. 
Using this local data, for each r e Z, the number = '^x,mi„/max(/) ^as 

defined in Section [U before Theorem 11.21 Recah also that t','nin/,„ax — '^min/max(/) 
was defined as the sum of the numbers i'^ min/max ^'^^ ^ ^ Critrci(/)- 

Remark 12. (i) Every rel-Morse function on M is a Morse function, and the 
rel-critical points in M are the usual critical points. For such a crit- 
ical point X (z M with index m_ , we have . , — 5r m : thus 

' X, mm/max r.m- i 

Execrit(/) i'x.min/max is the uumbcr of critical points with index r. If 

depth M = 0, then any Morse function on M is a rel-Morse function by 

the Morse lemma, 
(ii) The rel-critical points of rel-Morse functions are isolated, 
(ni) The function ^{pl - p'i) on M™+ x E'"- x M+ x M_ is rel-Morse, and will 

be called a model rel-Morse function. 

Problem 3.9 ( "Rel-Morse lemma" ). Let a; be a rel-non-degenerate rel-critical point 
of a rel-admissible function / on M. Does there exist a chart (O, ^) of M centered 
at X and maps 9o and 9i satisfying the conditions of Definition 13.71 ? An affirmative 



a 



+ J2Xa{p)mfrl,^)ip)\\9a.ikip)\ 



a 




□ 
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answer may require a stronger condition in Definition 13. 11 - fi) : for instance, tlie rel- 
local boundedness of jV*^/! for all fc e N. 

The existence, and indeed certain abundance, of rel-Morse functions is guaran- 
teed by the following result. 

Proposition 3.10. LetT C C°°{M) denote the subset of functions with continuous 
extensions to M that restrict to rel-Morse functions on all strata < M . Then J- is 
dense in C°°{M) with the weak C°° topology. 

Proof. If depth Af — 0, then the statement holds by the density of the Morse 
functions in C°°{M) with the strong C°° topology [201 Theorem 6.1.2]. Thus 
suppose that depth M > 0. Let the sets be defined like in the proof of Lemma lS^ 

Claim 2. For < fc < depth M, there is an open neighborhood of in A and 
some /fc e C{Uk n M) such that, for each stratum X < M, 

(i) fk restricts to a rel-Morse function on UkC) X; and, 

(ii) if depth X > k, then: 

(a) the restriction of fk to UkC) X has no critical points, and 

(b) there is some {Tx,ttx, Px) ^ tx such that fk is constant on the fibers 
oinx -.UkDM nTx ^ X. 

This assertion is proved by induction on fc. To simplify its proof, observe that it 
is also satisfied for fc = — 1 with S"-! = U-i = and /_i =0. 

Now, assume that Claim [2] holds for some fc€{— 1,0,..., depth M — 1}. Let Vk 
be another open neighborhood of ^k in A such that Vk C Uk- We can assume that 
the strata of A are connected by Remark[T]-(v). For the strata X C ^k+i\dk, choose 
representatives {Tx,t^x, px) G tx satisfying the properties stated in the proof of 
ClaimUl We can also suppose that these {Tx ,ttx , px) satisfy Claim[2]-(ii)-(b) with 
fk- A fixed adapted metric g on M will be used. 

Let X be a stratum contained in ^k+i\^k- By the density of the Morse functions 
in C°°{X) with the strong C°° topology and since the restriction of fk to Uk H X 
has no critical points by Claim [2]-(iii), it is easy to construct a Morse function hx 
on X such that hx = fk on Vk Ci X . Since {Tx,ttx,Px) satisfies Claim [2]-(ii)-(b) 
with /fc, we get T:*xhx = fk on Uk nJl HTx- 

Let C/fc+i be the open neighborhood of S'fc+i given as the union of Vk and the 
sets Tx for strata X C S'fc+i \ "Sk- The function fk on Vk H M and the functions 
TTxhx + Px the sets Tx H M can be combined to define a function fk+i E 
C{Uk+ir)M). The function fk+i satisfies Claim[2]-(i) and Claim[2]-(ii)-(a). Moreover 
it satisfies Claim [2]-(ii)-(b) by Definition 12 . 11 - f vil . 

Finally, let us complete the proof of Proposition 13.101 A basic neighborhood 
Af of any h G C°°{M) with respect to the weak C°° topology can be determined 
by a finite family of charts {Ui,4)i) of M, compact subsets Ki C Ui, some fc S N 
and some e > 0. Precisely, N consists of the functions h' S C°°{M) such that 
\D\{h' - h) 0,^^)1 < e on (/-.(fCi) for aU i and < £ < fc. By ClaimH there is some 
open neighborhood U of M \ M in A and some / G C{U D M) that restricts to 
rel-Morse functions onUOX for all strata X < AI, and whose restriction to UOM 
has no critical points. By shrinking U if necessary, we can assume that U H Ki — $ 
for all i. Let V be another open neighborhood of M \ M in A so that V C U. By 
the density of the Morse functions in C°°{M) with the strong C°° topology, it is 
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easy to check that there is a Morse function h' ^ Af such that h' = f on V AI. 
Therefore h' eTHAf. □ 

For rel-Morse functions, a much better density result should be true as suggested 
by the following. 

Problem 3.11. By using the ideas of this section, define and study a "rel-strong 
C°° topology" on the set of rel-admissible functions on M, and show that the 
rel-Morse functions form a dense subset. 

An approach to Problems 13.91 and 13. Ill would take us too far from the main goals 
of the paper. 

4. Preliminaries on Hilbert complexes 

Here, we recall from [T some basic definitions and needed results about Hilbert 
and elliptic complexes. Some elementary observations are also made. 

4.1. Hilbert complexes. For each r e N, let f)r be a separable (real or complex) 
Hilbert space such that, for some N G N, we have Sjr = for all r > N. They 
give rise to the graded Hilbert space S) — where the terms Sjr are mutually 

orthogonal. For each degree r, let d,. be a densely defined closed operator of io^ 
to Sjr+i- Let Vr — 'D{dj.) (its domain) and TZr = dr{T>r) for each r, and let 
V = ^j.'Dr and d = 0,,dr. Assume that TZr C I'r+i and d^+id,. = for all r. 
Then the complex 

> Vo 2?i • • • Vn > 

is called a Hilbert complex; its notation is abbreviated as (I?, d), or simply as d. 
Assuming that Vq ^ 0, the maximum iV € N such that ^ will be called the 
length of (2?, d). We may also consider Hilbert complexes with spaces of negative 
degree or with homogeneous operators of degree — 1 without any essential change. 

For the adjoint operator d* of each d^, let = 2^(d*) C iOr+i and 7^* = 
d;(X';) C and set V* = 0^ X>;: and d* = 0^d*. Then we get a Hilbert 
complex 

< VU T^l ■ ■ ■ -Dlj-i < , 

denoted by {T>*,d*) (or simply d*), which is called dual or adjoint of (I?, d). 

If (I?',d') is another Hilbert complex in the graded Hilbert space Sj' — 0^i3ri 
a homomorphism of complexes, C = 0r Ci- ■ (^id) — >■ (I?',d'), is called a map 
of Hilbert complexes if it is the restriction of a bounded map ^ : — > io'. If 
moreover ^ is an isomorphism of complexes and is a Hilbert complex map, 
then ^ is called an isomorphism of Hilbert complexes. If ^ : (I?, d) — >■ (I?', d') is an 
isomorphism, where — '^'r+ra ^ ^^'^ some fixed tq 7^ 0, then it will be 

said that C : (2?, d) (T>' , d') is an isomorphismm up to a shift of degree. 

Let 

^cv = ^^2r , ^odd = ^•^2r+l , 

r r 

T^cv = T^2r , ^^odd = ^2r-l J 

r r 

dcv = d2r , d*(j;j = d2r„i ■ 
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Note that T)*^^ C ^cv The operator Dcv = dcv+d*^^, with domain I?cvnl?*jjjj, is a 
densely defined closed operator of ijov to iOodd, whose adjoint is Dodd = dodd + d*^. 
Thus 



is a self-adjoint operator in Pj — JOcv ® -^odd with I'(D) = I? n 2?*, and 

A = = DoddDev © DevDodd = d*d + dd* 

is a self-adjoint non- negative operator, which can be called the Laplacian of (P, d). 
Observe that {T>,d) and (I?*,d*) define the same Laplacian. The Hilbert complex 
(P, d) can be reconstructed from Dev [3 Lemma 2.3]. The restriction of A to each 
space Vr will be denoted by A^. Notice that ker A^ = kerd^. H kerd*_j^ for all r. 
Moreover we have a weak Hodge decomposition [7J Lemma 2.1] 

F)r = ker A^ ® TZ~[ ® n* . 

If T is a self-adjoint operator in a Hilbert space, then 'D°°{T) — nA:>i 'C>{T^) is 
a cor^l for T, which is called its smooth core. In the case of the Laplacian A of 
a Hilbert complex (I?, d) in a graded Hilbert space 55, the smooth core T>°°{A), 
also denoted by 2?°°(d) or V°°, is a subcomplex of {V,d), and (I?°°,d) ^ (P, d) 
induces an isomorphism in homology [7, Theorem 2.12]. It will be also said that 
1)°° (respectively, V^) is the smooth core of d (respectively, dr); notice that it is 
a core of d (respectively, dr). Let TZ^ — d.r(I?^) and TZ*°° = d*(T>^), which are 
dense subspaces of TZr and TZ* . 

The following properties are equivalent [7J Theorem 2.4]: 

• The homology of {V, d) is of finite dimension and TZ is closed in S). 

• The homology of (I?, d) is of finite dimension. 

• Dev is a Fredholm operator. 

• ^ speCj,ss(A) (the essential spectrum of A). 

In this case, (I?, d) is called a Fredholm complex and satisfies the following proper- 
ties: 

• TZ and TZ* are closed in .7, Corollary 2.5], obtaining the stronger Hodge 
decompositions 

==kerAr®7^r_l®7^; , =kerAr®7^^l®7^;•^ . 

• dr : TZ;°^ TZf and d; : -> 7^;°° are isomorphisms. 

• ker Ar is isomorphic to the homology of degree r of (2?, d). 

It is said that (2?, d) is discrete when A has a discrete spectrum (speC(,ss(A) = 0). 
The following properties hold when (I?, d) is discrete: 

• For each A S spec(A|7joo ), we get isomorphisms 



between the corresponding eigenspaces. Thus spec(A|7joo) — spec(A|7j.oo). 



Recall that a core of a closed densely defined operator T between Hilbert spaces is any 
subspace of its domain 'D{T) which is dense with the graph norm. 




• We have 



spec(dr|K.oo ® d*\Tioa) = {±VX I A e spec(A|7joo) } , 



WITTEN'S PERTURBATION ON STRATA 



25 



and, for each A e spec(A|Koo), E^^{dr\Ti^ ® d*|K.oo) consists of the 
elements of the form u ± v with u E E\{A.\Tiao) and v S E\{A\ti<-.x) 
satisfying d*u = ^/Xv and dv — \/Xu. Moreover the mapping u+v i— >■ u—v, 
for u and v as above, defines an isomorphism 

• Any Hilbert complex (I?',d') isomorphic to (T^jd) is also discrete, and, 
if spec(Ar) and spec(A^) consist of the eigenvalues < Ao < Ai < • • • 
and < X'q < X'l < ■ ■ ■ , respectively, then there is some C > 1 such that 
C-^Xk < a; < CXk for all fc e N [71 Lemma 2.17]. 

Consider Hilbert complexes, (2?',d') and (2?",d"), in respective graded Hilbert 
spaces, S)' and Sj". The Hilbert space tensor produdO, — ^'<^f)", has a canonical 
grading (Sj^ ^ ®p+q=r ^nd 

2? = (p' (g) s)") n (io' (g) p") c ^1 

is a dense graded subspace. Let d — d' g) 1 + w (g) d" with domain V, where w 
denotes the degree involution on f)' , and let d = d, whose domain is denoted by 
v. Then {V, d) is a Hilbert complex in called the tensor product of {V , d') and 
{V",d"). If A', A" and A denote the Laplacians of {V',d'), {V",d") and (T),d), 
respectively, then A = A'(g)l + l(K) A" on V. The following result is elementary. 

Lemma 4.1. //(2?',d') and (2?",d") are discrete, then (I?,d) is discrete. More 
precisely, given complete orthonormal systems of S^' and S^" consisting of eigenvec- 
tors e'f, and e'l {k € N) of and A", with corresponding eigenvalues A'j, and X'l, 
respectively, we get a complete orthonormal system of consisting of the eigenvec- 
tors e'j, (g) e" e 2? o/ A with corresponding eigenvalues A'j, + A" . 

Let {£,d) be a densely defined complex in a graded separable Hilbert space 
f) (f is a dense graded linear subspace of io). Consider the family of Hilbert 
complexes iV,d) in ^ extending {£,d) {{£,d) is a subcomplex of {V,d)) endowed 
with the order relation defined by "being a subcomplex" . We will be interested in 
its minimum/ maximum elements. Notice that, if {£, d) has some Hilbert complex 
extension, then d is a Hilbert complex; thus, in this case, d is the minimum Hilbert 
complex extension of {£ ,d). Another complex of the form {£,5), with 5r ■ £r+i — >■ f r 
for each degree r, will be called a formal adjoint of {£,d) if {du,v) = {u,Sv) for 
all u,v G £; there is at most one formal adjoint by the density of £ in Sj. In this 
case, if {£, S) has some Hilbert complex extension, then the adjoint of the minimum 
Hilbert complex extension of {£,S) is the maximum Hilbert complex extension of 
i£,d). 

Now, consider a countable family of densely defined complexes {£°',d°') in sep- 
arable graded Hilbert spaces j^" (a g N), and let (I?°,d'') be a Hilbert complex 
extension of each {£°',d'^) in S)"- . Suppose that the Hilbert complexes {V°',d°') are 
of uniformly finite length (there is some iV G N such that = for all r > 
and all a). Let {£, d) be the complex defined by £" = and d = d". The 



^Recall that this is the Hilbert space completion of the algebraic tensor product S^' (g) jj" with 
respect to the scalar product defined by {u' ® u" ,v' ® v") = {u' , v')' {u" ,v")" , where ( , )' and 
{ , )" are the scalar products of Sj' and Sj" , respectively. 
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Hilbert space direct sunF^. ^ = ®a-^°' induced grading {S)r — ®a-^r)- Let 

d — 0Qd" (the graph of d is the Hilbert space direct sum of the graphs of the 
maps d''). The domain 2? of d consists of the points € such that u"" S 
for ah a and (d'^u'*) G Sj. Moreover d is defined by i-> (d°u°). Clearly, (I?, d) 
is a Hilbert complex extension of (£, d) in ^ with 

p°°(d) = 0I?°°(d°) , (9) 

a 

d* = d"* . (10) 

a 

Lemma 4.2. (i) // each (P^jd") is a minimum Hilbert complex extension of 
(£",d°) in ^/len (I?, d) is a minimum Hilbert complex extension of 
{£, d) in S). 

(ii) // eac/i {£"',d°') has a formal adjoint (f ,(5°) with some Hilbert complex 
extension, and each (P^jd"^) is a maximum Hilbert complex extension of 
{£°',A°') in Sj°' , then (T>,d) is a maximum Hilbert complex extension of 
{£, d) in S). 

Proof. Property (i) follows because d is dense in d if each d°- is dense in d°. 

Now, assume the conditions of (ii) and let 6 = Then each d"^* is a 

minimum Hilbert complex extension of {£"',5°'). So, by and (i), (2?*,d*) is a 
minimum Hilbert complex extension of {£,5), and therefore (2?,d) is a maximum 
Hilbert complex extension oi {£,d). □ 

4.2. Elliptic complexes. Let M be a possibly non-complete Riemannian mani- 
fold, and let E = 0^ Er be a graded Riemannian (or Hermitean) vector bundle 
over M, with i?^ = if r < or r > for some iV G N. The space of smooth sec- 
tions of each Er will be denoted by C°°{Er), its subspace of compactly supported 
smooth sections will be denoted by C^{Er), and the Hilbert space of square in- 
tegrable sections of Er wiU be denoted by L'^iEr); then C°°{E) = 0^C°°(£;^), 
C^iE) = ®rC'o'iEr) and L^{E) = ^rL^i^r)- For each r, let dr : C^iEr) 
C°°{Er+i) be a first order differential operator, and set d — 0^ dr. Suppose that 
(C°°{E),d) is an elliptic comples[I3; however, ellipticity is not needed for several 
elementary properties stated in this section. The simpler notation {E, d) (or even 
d) will be preferred. Elliptic complexes with non-zero terms of negative degrees or 
homogeneous differential operators of degree —1 may be also considered without 
any essential change. 

Consider the formal adjoint Sr = *dr : C°°{Er+i) C°°{Er) for each r, and set 
5 ~ 0r(5r- Then {E,6) is another elliptic complex that will be called the formal 
adjoint of {E,d), and its subcomplex {C^{E),6) is formal adjoint of {C^{E),d) 
in (E) in the sense of Section 14.11 Let D = d + S and A = D'^ = dS + 5d on 
C°°{E); A can be called the Laplacian defined by {E,d). The components of A 
are A^ — dr-i5r-i + 5rdr. 



Recall that this is the Hilbert space completion of the algebraic direct sum, ©^-Q", with 
respect to the scalar product = J^a^'^"' wh^re each ( , )a is the scalar product 

of . We have f) = ©^ S)"- if the number of terms f)" is finite. 

^ ^Recall that this means that it is a complex and the sequence of principal symbols of the 
operators dr is exact in the fiber over each non-zero cotangent vector 
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Any Hilbert complex extension of {C{^{E), d) in L'^{E) is called an ideal boundary 
condition (shortly, i.b.c.) of {E,d). There always exist a minimum and maximum 
i.b.c, dmin = d and dmax — ^m'm 13 Lemma 3.1]. The complex rfmin/max defines the 

operator -/-^min/max '^min/max ~t~ ^max/min 

and the Laplacian Amin/max = -^^in/max' 
which extend D and A on C^{E). The homogeneous components of ^min/m&-^ are 

Aniin/max,r '^max/minjr '^min/max.r ^ '^min/max,r— 1 '^max/min.r— 1 • (-^-^) 
The notation dr,min/max and (^r^max/min also makes sense for d„in/max,r and 5niax/min,r 

by considering dr and 5r as differential complexes of length one (ellipticity is not 
needed here); similarly, any first order differential operator can be considered as a 
differential complex of length one and denote its minimum/maximum i.b.c. with 
the the min/max subindex, regardless of ellipticity. 

For any i.b.c. (2?, d) of {E, d), the map of complexes, (X> n C°^{E),d) ^ {V, d), 
induces an isomorphism in homology [3 Theorem 3.5]. We have C 'DnC°°{E) 
by elliptic regularity. 

Let {E',d') be another elliptic complex over another Riemannian manifold M' . 
Consider a vector bundle isomorphism ( : E E' over a quasi-isometric diffeomor- 
phism ^ : Af — )■ M' such that the restrictions of ( to the fibers are quasi-isometries. 
It induces a map C : C°°{E) C°°{E') defined by iCu){x') = C{ui^~Hx')) for 
u e C°°{E) and x' e A/'. If moreover C : {C°°{E'),d') -> {C°°{E),d) is a ho- 
momorphism of complexes, then it will be called a quasi-isometric isomorphism of 
elliptic complexes, and the simpler notation ( : {E',d') — {E,d) will be preferred. 
In this case, C induces a quasi-isometric isomorphism ( : L'^{E') — > L'^{E), which re- 
stricts to an isomorphism of complexes, ( : {C^{E'),d') — > {C(^{E),d). Moreover, 
for any i.b.c. (I?',d') of {E',d'), there is a unique i.b.c. (2?,d) of {E,d) so that ( : 
L'^{E') — > L'^{E) restricts to a Hilbert complex isomorphism C : (V ,d') — > (P, d). 
In particular, ^ induces Hilbert complex isomorphisms between the corresponding 
minimum/maximum i.b.c. If ^ is isometric and the restrictions to the fibers of C, are 
isometrics, then C : {E',d') — > {E,d) is called an isometric isomorphism of elliptic 
complexes. For instance, for any quasi-isometric (respectively, isometric) diffeo- 
morphism ^ : Af — >■ M' , the induced isomorphism ^* between the corresponding 
de Rham complexes is quasi- isometric (respectively, isometric). 

Now, let {E',d') and {E",d") be elliptic complexes on Riemannian manifolds 
M' and M" , respectively, and consider the exterior tensor product E — E' M E" 
on M = M' X M" with its canonical grading (E^ = ^p+^^rK ^ ^«)- ^^^^ 
the weak C°° topology, C°°{E') (S) C°°{E") can be canonically realized as a dense 
subspace of C°° (E) . Then d = d' (g) 1 w (g) d" on C°° (£") «) C°° (E") has a unique 
continuous extension to C°°{E), also denoted by d. It turns out that {E,d) is an 
elliptic complex. Moreover the minimum/maximum i.b.c. of {E,d) is the tensor 
product, in the sense of Section l4.ll of the minimum/maximum i.b.c. of {E',d') 
and {E\d") [71 Lemma 3.6]. 

Example 4.3. A particular case of elliptic complex on M is its de Rham complex 
(r2(Af ), d). In this case, 5 is the de Rham coderivative, the subcomplex of compactly 
supported differential forms is denoted by VIq{M), and the Hilbert space of 
differential forms is denoted by L^ri(Af). Let i?min/max(-^) denote the cohomology 
of the minimum/maximum i.b.c, d^i^/^g_^, of (r2o(Af), d), which is a quasi-isometric 
invariant of M . H^in{M) is canonically isomorphic to the L^-cohomology 7f(2)(A^) 
[lOj ; (a generalization to arbitrary elliptic complexes is given in [71 Theorem 3.5]). 
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The dimensions /3,'Jjin/^ax(-^^) ^ '^™^min/max(-^'^) '^^^ called min/max-Betti 
numbers; if they are finite, then Xmin/max(A^) = Er(-l)'' /^min/max(^^) defined 
and can be called min/max-Euler characteristic: the simpler notation Z?!,- /.„„„ and 

' ; i I Illlll / IllSX 

Xmin/max may be used. Is is known that dmin/max satisfies the following properties 
for special classes of Riemannian manifolds: 

• If M is complete, then daim — ^max (a particular case of [3, Lemma 3.8]). 

• If M is the interior of a compact manifold with boundary, then dmin/max is 
given by the relative/ absolute boundary conditions ^Tj Theorem 4.1]. 

• Suppose that M — M \ where M is a closed Riemannian manifold of 
dimension > 2 and S is a closed finite union of submanifolds with codimen- 
sion > 2. Then d^in = ^max Theorem 4.4]. 

• Let A be a compact Tham-Mather stratification that is a pseudomanifold. 
If M is the regular stratum of A endowed with an adapted metric, then 
iJ(2) (M) is isomorphic to the intersection homology of A with lower middle 
perversity |12| . There is a more general isomorphism of this type involving 
more general types of adapted metrics and intersection homologies with 
other perversities [33l [34l [5] . 

5. SOBOLEV SPACES DEFINED BY AN I. B.C. 

Let T be a self-adjoint operator in a Hilbert space Sj. For each m £ N, the Sobolev 
space of order k associated to T is the Hilbert space completion W"^ = W"''{T) 
of — 'D°°{T) with respect to the scalar product ( , )„i on defined by 
{u,v)m — (u, (1 + r)™u). The notation |] \\m and Cl^ (or || \\w"^ and CIvk™) 
will be used for the norm and closure in W™. There are continuous inclusions 
^ w"', and we have V°° = Cl^W"". Moreover T defines a bounded 
operator W"'+^ W^™. 

Now, let (P, d) be an i.b.c. of an elliptic complex {E, d) on a Riemannian mani- 
fold M. Its adjoint {V* ,d*) is an i.b.c. of the elliptic complex {E,6), where 6 — *d. 
We get the operators D = d + S and D = d + d* , and the Laplacians A — 
and A — D^. Then M^™ = W^™(A) can be called the Sobolev space of order m 
associated to iV,d), and may be also denoted by VF™(d); the notation W"^{dr) 
will be also used when we consider its subspace of homogeneous elements of degree 
r. Since (P, d) and {V* , d*) define the same Laplacian, we have ^""(d) = W^{d*) 
for all TO. For u e 2?$?°, we have 

\\u\\l = \\u\\^ + WDuW" = + \\drU\\^ + \\5r^iu\\^ . 

So 

=V{T>) =Vr\V* , (12) 
Ml = Wuf + \\T>uf = \\ur + Wdruf + \\d:_,uf (13) 

for u € W^{dr). 

Lemma 5.1. The following properties are equivalent: 

(i) {T>, d) is discrete. 

(ii) = L'^{E) is compact. 

(iii) ^ VF™ is compact for all m. 
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Proof. The part "(i) (iii)" follows with the arguments of the proof of the Rellich's 
theorem on a torus (see e.g. [37l Theorem 5.8]). The part "(h) (i)" follows with 
the arguments to prove that any Dirac operator on a closed manifold has a discrete 
spectrum (see e.g. [37, pp. 81-82]). □ 

The following refinement of Lemma l5. II is obtained with a deeper analysis. 

Lemma 5.2. Suppose that (I'jd) is discrete, and let < Xi < X2 < ■ ■ ■ be the 

eigenvalues of repeated according to their multiplicities. Let be the standard 
unit ball of W^, and the standard ball of radius r > in L'^(E). Then the 
following properties are equivalent for 9 > 0: 

(i) liminffe Afcfc^^ > 0. 

(ii) There are some Co , Ci > such that, for all n G Z+ , there is a linear 
suhspace Zn C L'^{E) so that: 

(a) Zn is closed and of codimension < Cqu^/^ in L'^(E); 

(b) D(H/i n Zn) C Zn; and 

(C) B^nZnC Bcjn- 

(iii) There are some Cq, . . . , C4 > and A G Z+ such that, for all n G there 
is a linear maj3 Rn = {R\-, ■ • ■ , Rn) ■ L^iE) 0^ L^{E) so that: 

(a) dimkeri?„ < Con^/^; 

(b) ||i?„u|| < Ci for all u G L'^{E); 

(c) ||i?„u|| > C2 \\u\\ for all u G (keri?„)-'-; 

(d) RliW^) C and || [D, < C3 for all u G ; and 

(e) B^^R-{L\E))^Bc,,n- 

Proof. Let (ci) (i G Z) be a complete orthonormal system of L'^{E) such that e±h is 
a iv^Afe-eigenvector of D for each fc G N. The mapping u — J2i "^i^i ^ defines 
a unitary isomorphism L'^{E) = £^(Z). Moreover consists of the elements 
u G L^iE) with J2ki^ + ^fe)4fe < 00, and \\u\\l = ^^(1 + Xk)iul + m^J for 
u G W\ 

Suppose that (i) holds. Then there is some C > so that 1 + Afe > Ck" for all 
k. For each n G the linear subspace 

Zn = {ue L^{E) I Wife = if fc < (n/C)i/® } 
oiL'^{E) satisfies (h)-(a),(b) with Co = 2/0^/". Furthermore, for every u G B^nZn, 

\\uf= {nl + ul,)<^ k\ui+u\) 

k>{n/cy/o k>{n/cy/o 

fc>(n/C)i/e 

completing the proof of (ii)-(c) with Ci = 1. 
Now, assume that (ii) is satisfied. By (ii)-(a), 

L^iE) = Z^(SZn (14) 

^^For A G Z+ and any topological vector space L, the notation L is used for the direct sum 
of A copies of L. Similarlarly, for any linear map between topological vector spaces, T : L L' , 
the notation T : ®^ L — ^ ®a ^' ^® used for the direct sum of A copies of T. 



Ml , 1 

n n 
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as topological vector space [38l Chapter I, 3.5]. Furthermore, by (ii)-(a) and the 
canonical linear isomorphism 

we also get that n Z„ is a closed linear subspace of finite codimension in . 
Hence 

w^i = y„ ® (w^ n z„) (15) 

as topological vector spaces for any linear complement Yn of W"^ C^ Zn vn. [551 
Chapter I, 3.5]. 

On the other hand, for each u G Z:^ ^ the linear mapping v i— ^ (u, Du) is bounded 
on Yn because Yn is of finite dimension, and (u, Dw) = for all w G W^DZn by (ii)- 
(b). So V ^ {u,'Dv) is bounded on W'^ by obtaining that u € hy IT^ 

since D is self-adjoint. Hence Z^ C W^, and therefore we can take F„ — Z^ 
in obtaining 

= z^® {w^ n z„) (16) 

as topological vector spaces. Note that O Zn is dense in Z„ by ([H]) and 
So, since D is self-adjoint, it follows from (ii)-(b) and ([T6| that D preserves Zn- 

To get (iii), take A = 1 and i?„ equal to the orthogonal projection of L?{E) 
to Zn- Then (iii)- (a) follows from (ii)-(a), and properties (iii)-(b),(c) hold with 
Ci = 6*2 = 1 because Rn is an orthogonal projection. By (ii)-(b) and since D 
preserves Z^, we get i?„(W^) C and DRn = RnD on , showing (ui)-(d). 
Property (iii)-(e) is a consequence of (ii)-(c). 

Finally, assume that (iii) is true. The following general assertion will be used. 

Claim 3. Let i5 be a (real or complex) Hilbert space, H an orthogonal projection 
of with finite rank p, and < C < 1 . Then the cardinality of any orthonormal 
set contained in 

Uc = {ue9) \ \\Iiu\\ >C\\u\\ } 

is < p/C2. 

Suppose vi^ . . . ,Vp is an orthonormal basis of H(.$3). Let ui, . . . ,Uk be orthonor- 
mal vectors in Uc, and H' the orthogonal projection of to the linear subspace 
generated by them. We have 

kc^ < J2 m^M' -EE = E iin'^^ii' ^ p ' 

j—l j — ^ i—l i—1 

showing Claim [21 

Let pn = [Co n^^^l and < C < 1. 

Claim 4. There is some / C Z with #/ < Pn/C^ and ||i?„e,|| > C2C for all i E Z\I. 

Let H„ and H„ be the orthogonal projections of L'^{E) to keri?„ and (ker Rn)'^, 
respectively. By Claim [31 the cardinality of the set 

i = {iez \ ||n„e,|| >c} 

is < Pn/C^. For i e Z \ /, we have 

||i?„e,|| = ||i?„n„e,|l > C2 ||H„e,|| > C2C 
by (iii)-(b), showing Claim [31 
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From Claim m it follows that there is some z„ G Z such that 

\^n\<^ + l, (17) 
||i?„e,J| > C2C . (18) 



We have 



\\Keal = \\Ke^^? + \\^R>- 



< ||Ke.jr + (||KDe,J| + ||[D,K]e,J|)' 

<C2+(CiJA|,„|+C3'' 



Hence 



for all r e [0, 1), giving 

rC2C ^ ?'||-Rriei, 



2 



- / 7 — 2^ ll"n,rll ^ 

V^^l' + l^^iV^+Cs) - 

for all r E [0, 1) by (llSp and (iii)-(e). So there is some C" > 0, independent of n, 
such that 

for n large enough. If < k < |i„| for n large enough and fc G N, then 

A. > A|.„_,| > C'in-ir > C'n > C (^^^M^^l^' > c' 

by (Uni and pT)) . This shows (i) because, since |i„| 00 as n -> 00 by (fTOj) . there 
is an increasing sequence (ni) in Z+ such that [|i„Q_i|,oo) — NnJ)- '-' 

For any fixed / G C°°(M), let / also denote the operator of multiplication by 
/ on C°°{E) (or on L'^{E) if / is bounded). Observe that [d, /] is of order zero 
because d is of first order; moreover [d, /]* = —[(5, /]. 

Lemma 5.3. // / and \ [d^ f]\ are hounded, then: 

(i) f i^d^iY^ I ^^^^ El ^(dmin/max) and [dmin/max; /] = [d: f] ; and 
(ii) /PF^(d„ii„/„iax) C W^Hc^min/max)- 

Proof. For each u G I?((imin), there is a sequence (u„) in C§°{E) such that Un ^ u 
and {dun) is convergent in L'^{E); in fact, dmin" = lim„ du„. Then /w„ — > fu and 

d{fUn) = / dM„ + [d, f]Un'^ f d^-.^U + [d, f]u 

in L'^{E) because / and |[d, /]| are bounded. So fu G I'((iniin) and dmin(/?^) = 
+ [d, f]u. 
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Now, suppose that u £ I?(dmax)- Thus there is some v G L^{E) such that 
{u, Sw) — {v, w) for all w G C^{E); indeed, v = dmaxU. Then 

{fu,6w) = {uJSw) = {u,6{fw) - [SJ]w) 

= {v, fw) - (li, [S, f]w) = {fv + [d, f]u, w) 

for ah w £ C^{E). So fu £ 2?(dmax) and fimax(/w) = f d^axU + [dj]u. This 
completes the proof of (i). 

Property (ii) follows from ((T^ by applying (i) to d and (5. □ 

Let {E',d') be another elliptic complex on a Riemannian manifold M' . The 
scalar product of L'^{E') will be denoted by ( , )', and let 6' = *^d' . Let U and [/' be 
open subsets of M and M', respectively, so that U D supp /, and lei C, : {E\u , d) ^ 
{E'\jji , d') be a quasi-isometric isomorphism of elliptic complexes whose underlying 
quasi- isometric diffeomorphism is ^ : t/ — > C/'. For each u £ L'^{E), identify fu to 
fu\u, and identify Cifu) £ L'^{E'\ij') with its extension by zero to the whole of M'; 
in this way, we get a subspace C(/ ^('^min/max)) C L'^{E'). 

Lemma 5.4. // / and \ [d, f]\ are bounded, then the following properties hold: 

(i) We have ((/^'(rfmin/max)) C V{d'^_^ 

L i n / in ax ) ^ni i n / ni ax *^ ^ ^ / ^ ^ 

f (^diYi'm / max) 

(ii) If moreover ( is isometric, then C(/ W^^(c^min/max)) C W^^(rfniin/max)- 

Proof. Let m S fDid^i^). Then u S I'(dmin) by Lemma TS.SI -fil: in fact, according 
to its proof, there is a sequence in C^{E) such that Un ^ u and (iu„ — > dmin" 
in L'^{E), and with suppu„ C supp/ for all n. Then Cu„ € C^{E'), (un C"*^ 
and d'(un = (du^ CdminU in L'^{E'). Hence e T^id'^-J and dJ„inC" = (dminU- 
To prove the case of dmax: since X'(d^ax) is invariant by quasi-isometric changes 
of the metrics of M' and £", after shrinking U and [/' if necessary, we can assume 
that C : {E\ij,d) — )■ {E'\ij',d') is an isometric isomorphism of elliptic complexes. 
Such a change of metrics can be achieved by taking an open subset V' C M' so 
that ^(supp/) C V and V C U' , and using a smooth partition of unity of M' 
subordinated to {F', M'\^(supp /)} to combine metrics. Let it G /I'((imax). Then 
u £ 23>(dniax) by Lemma IS.BI -fi): indeed, according to its proof, the support of 
V :— dmaxW is contained in supp/. Thus 

(Cw,(5'Cw>' = {(uXSwY = {u,6w) = {v,w) = (Cw,Cu')' 

for each u £ /X>«ax) and aU w £ C^{E\u). So {Cu,S'w'y = {C,v,w')' for aU 
w' £ C^{E'), giving (u £ 'D{d'^^y.) and dmax(Cw) — Cc^max"- This completes the 
proof of (i). 

If C is isometric, then it is also an isometric isomorphism {E\ij,6) — ^ {E'\ij>,6'). 
So (ii) follows from ([T^ by applying (i) to d and S. □ 

Proposition 5.5. Let {E,d) be an elliptic complex on a Riemannian manifold M. 
Let {Ua} be a finite open covering of M , and let {fa} be a smooth partition of 
unity on M subordinated to {Ua} such that each \[d, fa]\ is bounded. Assume also 
that there is another family {fa} C C°°{M) such that fa and \ [d, fa]\ are bounded, 
fa — 1 on supp /a, and supp /a C Ua. For each a, let {E°',d°') be an elliptic 
complex on a Riemannian manifold Ma, let Va C Ma be an open subset, and let 
Ca '■ {Eluaid) {E°'\vaT d"") ^6 ^ quasi-isometric isomorphism of elliptic complexes 
over ^a ■ Ua ^ Va. Then the following properties hold: 
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(i) 2?«i„/n.ax) ^{ue L^E) I CaifaU) G I?(Ci„/max) Va } • 

(ii) // c^JJiin/j^ax discrete for all a, then dmin/max discrete. 

Proof. The inclusion "c" of (i) follows from properties (i) of Lemmas 15.31 and 15.41 
Now, take any u £ L'^{E) such that Caifau) e ^('^min/max) ^- ^'^^ 9a ^^'^ 

ga be the smooth functions on each Ala, supported in Va, that correspond to fa 
and fa via ^a- By Lemma [5. 31 - (i). 

faU = Ca^CaifaU) = {{ja C,a{f aU)) E V{d,^i^/^^^) . 

So u^J2a e 2?(dmin/max), Completing the proof of (i). 

To prove (ii), we can make the following reduction. Since discreteness is in- 
variant by quasi-isometric isomorphisms of elliptic complexes, like in the proof 
of Lemma 15.41 -fi). after shrinking {Ua} if necessary, we can assume that each 
Ca : — > {E''\v^,d°') is isometric. If every djjjin/max discrete, then each 
^^('^min/max) ^ L'^{F°-) is compact by Lemma [Ell So 

Cli (.9, W^i ^ ChigaL^E^) 

is compact for all a by Lemma l5.3l -(ii). Therefore 

Cll(/aW^^(d,„i„/,„ax)) ChifaL^E)) 

is compact by Lemma [EKii)- Since W^^(dniin/max) = Ea /^^^^('^min/max) by 
Lemma lOK ii). it follows that VF^(c?min/max) ^ L'^{E) is compact. Hence dmin/max 
is discrete by Lemma □ 



mm /max 



Proposition 5.6. With the notation of Proposition\57^ suppose that every d° 
is discrete, and therefore dmin/max is also discrete. Let 

" — ^min/max,0 — ^min/max.l — ' ' ' i 'J — ^min/max,0 _ ^min/max,l _i ' ' ' 

denote the eigenvalues, repeated according to their multiplicities, of the Lapla- 
cians ^1,1^/^^,. and l^n^in/m?,^ defined by rf^in/max c?min/max, respectively. If 
there is som^^ Oa > Q for all a such that liminffe AJ^jj^y^j^^^^ j.fc"^" > 0, then 
liminffc A,„iii/,„ax,A: > with 6 — mm^j Ua . 

Proof. According to Sections 14.11 and [4.21 the condition liminffc A^j^^^^^^^ k^~^^° ^ 
is invariant by quasi-isometric isomorphisms of elliptic complexes. Thus, like in 
the proof of Proposition 15 . 51 - (u) . we can assume that : {E\u^,d) {E°-\v^,d°-) 
is isometric. Set . , = d'^ ■ , +6" , ■ and W^^'" = W^fd'" . , ). Let 

mm/max mm/max ' max/min ^ ^ " V mm/max/ 

B^'" denote the standard unit ball in W^'", and the standard ball of radius 
r > in L'^{E°-). By Lemma [521 we get the following. 

Claim 5. There are some Cafi, Ca.i > for every a such that, for all n G there 
is a linear subspace C L^{E°-) so that: 

(a) Z!^ is closed and of codimension < Cao n^^^" in i^(£'"); 

(b) DJ^i„/_.(T^i-'^nZ„")cZ-and 



(c) ^1'" n z^^ c 



^•^The notation S^^^^^^^^^ would be more correct, but, for the sake of simplicity, reference to 
the maximum/minimum i.b.c. is omitted here and in most of the notation of the proof. 
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For each a, fix an open subset Oa C M such that supp/a C Oa, Oa C Ua and 
the frontier of Oa has zero Riemannian measure. Let Pa — ^a{Oa), 

= { w G L'^{E°-) I V is essentially supported in } , 

and Z,"' = Z° n V^. Each V"' is a closed linear subspace of L'^{E°') satisfying 

^min/max(W^'''^n7"^)c7'V (20) 

Claim 6. (a) Z^' is closed and of codimension < Cafi'n}^^" in P"; 

(b) D'' . I n ) C Z^'; and 

V ' mm/max V n ) ^ n ' 

(c) pi'^nz^' c B;^^^/„n7'". 

Claim |6]-(a) follows from Claim [5]-(a) and the canonical linear isomorphism 

V ^ V + Z° 

Claim [6]-(b) is a consequence of Claim [5]-(b) and (|20l) . and Claim |6]-(c) follows from 
Claim [5} (c). 

Now, consider the linear spaces 

= {ue L^{E) I u is essentially supported in Oq } , 
Z^[" = {u(^0'' \3v e Z,f so that Ca(u|c/J = w|k } • 
Each is a closed linear subspace of L'^iE), and we have L^{E) = X^a'^"- 

-D„ii„/„iax = rfmin/max + (^max/min and = VF^dmin/max) ■ Let denote the 

standard unit ball in , and Br the standard ball of radius r > in L'^{E). Since 
Ca : (-E'|;7„,'^) {E:°-\vaid°') is isometric for all a, Claim [5] gives the following. 

Claim 7. (a) is closed and of codimension < Cq,o n^/^" in O"; 

(b) D^,^/^UW^ n Z;j") C and 

(c) B^f^z-" cBc^ j^nor 

Let 1^ be a linear complement of each Zf^" in O". By Claim[7]-(a), we have 

= (21) 

as topological vector spaces [38] Chapter I, 3.5]. On the other hand, for any m G 
Z4., M^™ n 0° is dense in 0°' because it contains all sections u G C^{E) with 
suppu C Oa- So we can choose C by Claim [T]- (a), obtaining 

n 0° = 1;° © (ly™ n z° ") (22) 

as topological vector spaces with respect to the topology induced by || ||. The 
following assertion follows from (gTI), (1211) and the density of VF" n in 0°-. 

Claim 8. W^™ n Z^" is || || -dense in Z^J". 

For the case m = 1, observe that ([22]) is satisfied with 

Y^i = O" n (w^i n z°")^' , (23) 



where _Li denotes ( , )i-orthogonality, and therefore ([22)1 also holds with respect 
to the topology induced by || ||i. From now on, consider the choice (pS)) for F,". 

Claim 9. A„in/max(i"„") CM^I. 
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Since the Riemannian measure of the frontier of Oa is zero, 0° consists of the 
sections u £ L'^{E) whose essential support is contained in M \Oa- Hence the set 

is dense in LP'{E) by (|22|) for m — 1. It follows that, given any u G Y,f, to check 
that i^min/max''^ ^ , its cuough to chcck that the mapping 

is bounded on n ^ , and n 2"° ". This mapping vanishes on W^nO"-^ 
because 

Moreover it is bounded on Y^ because this space is of finite dimension. Finally, for 

V eW^ n Z^", we have 

(-^min/max^i -^min/max^) (^7^) 

because u ±i v. Thus the above mapping is bounded on W^CiZ^", which completes 
the proof of Claim [51 

Claim 10. i?,ni„/max(>;?) C Y,f . 

For u e y,° and v G n we have 

(^min/max^? ^) 1 (^min/max^i ^) ^~ (^min/max^; -^min/max^') 

('^7 -^min/max^) ^" (-^min/inax^i ^inin/inax^) ('^; -^min/max^) 1 

by Claim[9]and because Dnii„/,„ax is self-adjoint. Then Claim [TOl follows by Claim[8l 
Ctom 11. Y^ = 0''n {Z^")^. 

Let u G and v G T4^^ nZ°". By Claim [T(71 ^min/max is a self-adjoint operator 
on Then u = {1 + A^i^/^^^)uo for uq = (1 + Aj^in/max)^^"" e F,", obtaining 

(U,!)) ((1 + A,nin/max)wO,1'> = ("c-w)! = 0. 

This shows Claim [U] by Claim [8] and ((2T|) . 

Let n° : — > Z,"" denote the orthogonal projection. The following claim 
follows from ^ for m ^ 1, and Claims [3(b), [10] and HH 

Claim 12. U^iW^ n C^) C n O", and [Z^min/max, n°] = on n C^. 

Consider each function fa as the corresponding bounded multiplication operator 
on L'^{E). Assuming that a runs in {1, . . . , A} for some A G Z+, we get the bounded 
operator T = {fu ■ ■ ■ Ja) : L^iE) ^ L^E). Also, let E : ©^ L^{E) ^ i^^^) 
be the bounded operator defined by . . . , Uyi) — X^a^a- We have ET = 1 

because {fa} is a partition of unity. 

Claim 13. The image of T is closed. 

Let (u*) be a sequence in L'^{E) such that (Tit*) converges to some v in ©^ L'^{E). 
Then = ETm* — > Ev as i — > oo, obtaining Tm* — >■ TEw as i — > oo. Hence 

V = TEw G T{L'^{E)), showing Claim[T3 

By Claim [T51 and the open mapping theorem (see e.g. [T31 Chapter HI, 12.1] or 
[551 Chapter HI, 2.1]), we get that T is a topological homomorphisnf^. So T : 

"'^ ^Recall that a bounded operator between topological vector spaces, T : — > 6, is called a 
topological homomorphism if the map T : f) — > is open, where T(Sj) is endowed with the 

restriction of the topology of @. 
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L'^{E) — > T{L'^{E)) is a quasi-isometric isomorphism; its inverse is S : T{L'^{E)) — > 
L'^iE). Since n„ := 0,^11° is an orthogonal projection of 0^L^(£'), it fohows 
that Rn := n„ T satisfies Lemma [n2]-(iii)-(b),(c). Moreover, by Claim[7]-(a), 

dimkeri?„ < dimkern„ = ^ dim ker H,", < ^Ccan^/*^" < Co "^^^ 

a a 

with Co = X^a ^0 a and ^ = mina^a, which shows that Rn satisfies Lemma 15 ■2[ 
(iii)-(a). 

We have i?„ = (i?^, . . . , R^) with = 11° /q. Since each function fa]\ is 
uniformly bounded, it follows that fa C and [J^min/maxj /a] : — > L'^{E) 
extends to a bounded operator on L'^{E). Therefore each i?° satisfies Lemma [5. 2f 
(iii)-(d) by Claim [H 

Finally, satisfies Lemma [5^ (iii)-(e) by Claim[7]-(c). Now, the result follows 
from Lemma 15.21 □ 



6. Preliminaries on a type of perturbation of the harmonic 

oscillator 

To study the Witten's perturbed operators defined by the functions considered 
in this paper, the main analytic tool is the following perturbation of the harmonic 
oscillator introduced and studied in [2]. 

Let X and p denote the canonical coordinates of M and M+ . For each a € R, the 
operator of multiplication by the function p° on C°°(M+) will be also denoted by 
p"-. We have 



dp^'P 



2ap"-i 4 + a(a - 1)^""^ • (24) 
dp 



dp 

Recall that the harmonic oscillator, acting on C°°(M+), is the operator 

TT " I 2 2 

depending on a parameter s > 0. For ci,C2 G M, consider the perturbation of H 
given by 

P = H - 2cip-^ ^ + C2p-^ . (25) 
dp 

By we get an operator of the same type if p~^ and ^ is interchanged. 

Let 5cv/odd denote the space of even/odd functions in the Schwartz space S — 
5(K). The restrictions of those functions to M.^ form th space denoted by 5cv/odd,+ - 
The scalar product of L^(R+,p^'^i dp) will be denoted by ( , )ci. For each a > 
— 1/2, let pk denote the sequence of orthogonal polynomials associated with the 
measure e"''^ Ix]"^^^ dx on K [40], called generalized Hermite polynomials. The 
corresponding generalized Hermite functions are 0^ — pt-e"*^ 

Proposition 6.1 ( 2, Corollary 1.8]). // there is some a G K such that 

+ (2ci - l)a - C2 = , (26) 
a := a + ci > -1/2 , (27) 

then: 

(i) P, with domain x"" Sov,+ , is essentially self-adjoint in L^(R+,p^'^^ dp); 
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(ii) the spectrum of its self-adjoint extension, denoted by V , consists of the 
eigenvalues (4fc + 1 + 2(j)s (fc G N) with multiplicity one and normalized 
eigenf unctions Xs,a,a-,k P°'<i>2k.+ [or simply Xk); and 

(iii) 2)~(P) = p'^5cv,+ . 

Remark 13. By Proposition lOlfiii). we have hV^{V) C V^{V) for all h e 
C°°{R+) such that h' e C^{M+). 

The existence of a G M satisfying ([26l) is characterized by the condition 

(2ci - 1)2 + 4c2 > . (28) 

Observe that (|28l) is satisfied if C2 > min{0, 2ci}. In particular, we have the follow- 
ing special cases: 

• If C2 0, then ^ means that a e {0, 1 - 2ci}, and gives 




ci if a = 

1 — ci if a = 1 — 2ci . 



• If C2 = 2ci, then (^5]) means that a e {1, — 2ci}, and (P?]) gives 

f 1 + ci if a = 1 

cr = < 

I — ci if a = — 2ci . 
The following property of Xs,a,a.Q will be also used. 

Lemma 6.2. If h is a bounded measurable function on R+ h{p) — > 1 as p — !■ 0, 
t/ien (/iXs,a,o-,o,Xs,a,o-,o)ci -5' 1 as s ->■ OO . 

Proof. Given any e > 0, take some po > such that \h{p) — 1| < e/2 for p < po- 
For s large enough, we have 

Hence, for s large enough, 

m-h)Xs.a.a,0,Xs,a,a,0)cA<2pl / 1 1 - /l(p) | e-^^'p^. 

Jo 

= ple / e-"'' p2a^^^2p2(niax|l-/i|) / e""" p^a 

/•oo 

<plej^ e-^P'- p^-dp+'-^'-\\Xs,a,.Al + { = ^ - □ 

7. Two SIMPLE TYPES OF ELLIPTIC COMPLEXES 

Here, we study the two types of simple elliptic complexes. They will show up in 
the direct sum splitting of the local model of Witten's perturbation (Section [TT]). 
We could describe better the spectra of the Laplacians associated to the mini- 
mum/maximum i.b.c. of these simple elliptic complexes, but this will be done with 
the local model of the Witten's perturbation (Section [TU]) . 
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7.1. Some more results on general elliptic complexes. Consider the notation 
of tlie beginning of Section 14.21 

Lemma 7.1. Let Q C C°^{E) C\ L'^{E) be a graded linear subspace containing 
C^{E), preserved by d and 5, and such that {du,v) — {u,5v) for all u,v S Q. 
Let dg, 5g and Ag denote the restrictions of d, 5 and A to G . Assume that Ag 
is essentially self-adjoint in L'^{E), and Q is the smooth core of Ag. Then the 
following properties hold: 

(i) If Qr C I?((iinin,r) md Gr~i C T){dnun,r~i) for somc degree r, then Qr is the 
smooth core of d^ia,r ■ 

(ii) If Gr C 2?((5nii„^_i) and Gr+i C 'D{Snun.r) for some degree r, then Q^. is the 
smooth core of cJmax.r • 

Proof. For each degree r, the restrictions dr : Qr ^ Qr+i, 6r : Gr+i Gr and 
Ar : Gr Gr wiU be denoted by dg.r, Sg,r and Ag^r, respectively. Suppose 
that Gr C 2?((imin,r) ^nd Gr-1 C 1){d^in,r-i) , 8J3.d therefore dg r C dmin.r and 
dg^r-1 C dmin.r-i- Since (E) C G and {du,v) = {u,Sv) for all u,v G G, it 

follows that Gr+l C f ((^max.r) and Gr C 2?((5,nax,r-l ) 7 and therefore Sg^r C (^max.r 
and Sg^r-1 C (5niax,r-l- By (HI]), we get Ag^r C Arain,r- So Ag ^r C Arain,r, and 

therefore = Aiiiin,r because these operators are self-adjoint in L'^{Er). Then 
Gr is the smooth core of c?min,r, completing the proof of (i). 

Now, assume that Gr C 2?((5nim,r-i) and^^+i C T>{6^in^r), and therefore (5g,r-i C 
(^min.r-i and Sg,r C Smin,r- As abovc, it follows that dg^r-1 C dmax,r-i and 
dg,r C dmax,r- By ([ni), we get Ag,,. C Ai„ax,r- So Ag ^r C Amax.r, obtaining 
Ag^r — Amax.r as beforc. Thus Gr is the smooth core of dmax.r, completing the 
proof of (ii). □ 

Now, suppose that there is an orthogonal decomposition = ® £'r+i,2 

for some degree r + 1 . Thus 

C°°{Er+l) = C°^{Er+l.l) ® C°°{Er+l,2) , 
Co°i^r+l) = C^(i?r+l,l) ® C^{Er+1^2) , 



L^{Er+l) = LHEr+l.l) ® L\E, 



'r+1,2) , 



givmg 



dr = (^"^'^^ ' = (<5r,l Sr,2) 



Lemma 7.2. H^e /laue; 



^(^max.r) — ^(^r,l,max) ^ ■^(^r,2,max) i ^max,r — (7 1 ^ 



rfr,2,max|P(d„,ax,r) 

Proof. Let u G L'^{Er). We have m G 2?(dniax,r) if and only if there is some w G 
L'^{Er+i) such that (u, Jw) — {w, v) for all v G C^(i?r+i), and moreover dmax.rU = 
w in this case. Writing w = wi (B W2 and w = wi © t)2, this condition on u means 
that (u, <5o,iWi) = {wi,Vi) for all Vi G Cg"(i?*_|_i) and i G {1,2}. In turn, this is 

equivalent to U G I?((ir,l,max) n I?(c?r,2,max) with (ir,i,maxW = W^i- □ 

For i G {1, 2}, let Ar,i = Sr,idr,i + dr-iSr^i on C°"{Er). 

Corollary 7.3. // a Ar — b Ar^i + c for some a, 6, c G M with a, 6 ^ 0, dmin.r o,nd 
dr,i,min have the same smooth core, and dr,i,min ~ rfr.i.max for some i G {0, 1}, then 

dmin.r — f^max.r. 
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Proof. By Lemma 17.21 and since dr. 



we get I?(dmax,r) C T>{drA,min)- 



Because aAr^b Ar,i + c for some a, 6, c € R with a,b ^ 0, it follows that 



{ u e V{dn 



.)nC°°{Er) \A';ueL^(Er) VfceN} 

c { u e I?(rf^,.,mi„) n C°°{Er) I Aj!,u e L^{Er) Vfc e N} 



This means that the smooth core of dmax.r is contained in the smooth core of 
dr.i,niim which equals the smooth core of rfmm.r- Then 

7.2. An elliptic complex of length two. Consider the standard metric on M+. 
Let E be the graded Riemannian/Hermitian vector bundle over K_|_ whose non-zero 
terms are Eq and Ei, which are real/complex trivial line bundles endowed with the 
standard Riemannian/Hemitian metrics. Thus 



C°°{Eo) = C°°(M+) EE C°"{Ei) , L^iEo) = L^0&^ 

where real/complex valued functions are considered in C 
For any fixed s > and k e M, let 



,dp) = L\Ei) , 

and L^{R+,dp). 



C^iEo) 



C°°{Ei) 



be the differential operators defined by 
d 



d = 



dp 



np ^ ± sp 



a 

5 = — ; up ± sp 

dp 



It is easy to check that {E, d) is an elliptic complex, whose formal adjoint is {E, S). 
By ([M)) . the homogeneous components of the corresponding Laplacian A are: 



An 



6d=H 







■ d ' 


dp' 




dp' ^ 



+ K^p ^ =F 2SK 



= H + k{k- l)p-^ =F s(l + 2k) 



Ai = dS = H - K 



dp' ^ 



± s 



dp' ^ 



+ K^p ^ T 2SK 



= H + k{k+ l)p-^ ± s{l - 2k) 



(29) 



(30) 



where H is the harmonic oscillator on C°°(M+) defined with the constant s. Then 
Aq and Ai are of the form of P in (|25p (with ci = 0) plus a constant; in particular, 
for K = 0, they are equal to H plus a constant. 

For Ao, the condition (|26|) means that a G {k, 1 — k}, and (p7)l gives ct = k if 
a — K, and (t = 1 — k if a = 1 — k. By Proposition 16.11 the following holds: 

• If K > —1/2, then Aq, with domain p'^Scv,+ , is essentially self-adjoint in 
L^(R_i_, dp), the spectrum of its closure is discrete, and the smooth core of 
its closure is p'^Scv,+- 

• If K < 3/2, then Aq, with domain p^~'^ Scv,+ , is essentially self-adjoint in 
L-^ (]R+ , dp) , the spectrum of its closure is discrete, and the smooth core of 
its closure is p^^^Scv.+ - 

For Ai, the condition (|26|) means that a £ {1 + k,—k}, and ([27|) becomes 
a = l + Kiia — l + K, and a = —k if a = —k. Now Proposition 16.11 states the 
following: 
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• If K > —3/2, then Ai, with domain p^^'^ Scv,+, is essentiahy self-adjoint in 
L'^(R^, dp), the spectrum of its closure is discrete, and the smooth core of 
its closure is p^'^'^ Scv,+- 

• If K < 1/2, then Ai, with domain p^'^Scv,+ , is essentially self-adjoint in 
L'^(R^,dp), the spectrum of its closure is discrete, and the smooth core of 
its closure is p"" Scv,+- 

When n > —1/2, let £i C C°°{E) n L'^{E) be the dense graded linear subspace 
with 

When K < 1/2, let £2 C C°°{E) D L'^{E) be the dense graded linear subspace with 

£2 = Scv,+ J £2 = P ^cv,+ ■ 

Observe that, by restricting d and S, we get complexes {£i,d) and {£i,S) when 
K > —1/2, and complexes {£2,d) and (£2,3) when k < 1/2. Thus A preserves £1 
when K > —1/2, and preserves £2 when k < 1/2. 

Proposition 7.4. (i) // \k\ < 1/2, then £1 and £2 are the smooth cores of 
dmax and dmin, respectively. 
(ii) If \k\ > 1/2, then {E,d) has a unique i.h.c., whose smooth core is £1 when 
K > 1/2, and £2 when k < —1/2. 

The following lemma will be used in the proof of Proposition 17.41 

Lemma 7.5. Suppose that 9 > 1/2. Then, for each ^ G p^ Sev,+, considered as 
subspace of C°^{Eq) [respectively, C°°{Ei)), there is a sequence (^n) in C^{Eo) 
(respectively, C§°(Ei)), independent of k, such that lim„ ^„ = ^ and lim„ „ = 
d^ in L^{Eo) (respectively, lim„ — in L^(£'i)). In particular, p^ Scv,+ is 
contained in ^'((imin) (respectively, 'D(Sniin))- 

Remark 14. In Lemma 17.51 the independence of k means that (^„) depends only 
on 9 and ^, whilst the convergences lim„ d^n — and lim„ S^n — hold with d 
and 6 defined by any k. 

Proof of Lemma \ 7. 5\ The proof is made for 2?((iniin); the case of 'D(dmin) is analo- 
gous. 

Let < a < and / e Cg"(K+) such that < / < 1, f(p) = 1 for p < a, 
and f(p) = for p > h. For each n £ ^, let g„,/i„ € C°°(R+) be defined by 
9n(p) — f(np) and hn(p) = f(p/n). It is clear that 

X[JL,„a] < (1 -5«)/in < X[t,«b] , (31) 

where xs denotes the characteristic function of each subset 5 C M+. 

Let 4> e 5ev,+. From ([31]), we get (I- gn)hnP^ (j) e C^(Eo) and (1 - 
p^(j) in L'^(Eo) as n — )• cx). Observe that 

d((l - gn)hnp'^(j)) = -g>„pV + (1 - ff„)'4pV + (1 - 9n)hn d(p^(j)) . 
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In right hand side of this equahty, the last term converges to d{p^(f)) in L^(i?i) as 
71 — > oo by ([3T|) . Moreover 



Jo 

poo poo 

< (maxp2e^2)^-2 / f\p/n) dp = {majip^^ (f>^) n'^ f'^{x)dx 

= (maxp2V)n-i||/'f , 

which converges to zero as n oo, and 

y^KpUr = / g'J{p)hl{p)p''^'ip)dp < (max^2)n2 / r\np)p'Up 
Jo Jo 

pOO 

= (max ^1-26 / f^^)^20^^ ^ (max(/.2)ni-2'' ||/yf , 

which converges to zero as n — > oo if > 1/2. 

In the case 9 = 1/2, it is enough to prove that / can be chosen so that ||/V"^^^II 
is as small as desired. For m > 1 and < e < 1, observe that there is some / as 
above such that: 

• the support of /' is contained in [e~'^,e™], 

• — ^ < /' < 0, and 

nip — — ' 

Then 

which converges to zero as m — >■ oo. □ 



Proof of Proposition \7.4\ Suppose that |k| < 1/2. Since l±n > 1/2, by Lemma [7?5l 
£2 C 25((imin) and £l C f ((5inin)- The other conditions of Lemma l7.1l are satisfied by 
d with Q = E^nd by S with Q = £1 hy the discussion previous to Proposition [721 
So £2 is the smooth core of dmin and £1 is the smooth core of dmax by Lemma [7TT] 
Now, assume that k > 1/2 (respectively, k < —1/2), giving also 1 + k > 1/2 
(respectively, 1 — k > 1/2). Then, by Lemma FTSl £° C I'(c?min) and £l C I'((5min) 
(respectively, <^ ^'(rfmin) and £2 C 2?((5min))- By the discussion previous to 
Proposition 17.41 the other conditions of Lemma 17.11 are satisfied by d and S with 
G = £1 (respectively, Q = £2)- So, by Lemma FTTl £1 (respectively, £2) is the smooth 
core of dmin and dmax- n 



Remark 15. In the proof of Lemma [7.5l and Proposition l7.4[ we have borrowed ideas 
from the proof of [3 Theorem 4.1]; in fact, in the case with k ~ 0, Proposition 17.41 
could be proved exactly like [71 Theorem 4.1]. 

7.3. An elliptic complex of length three. Consider again the standard metric 
on R-|_. Let F be the graded Riemannian/Hermitian vector bundle over whose 
non-zero terms are Fq, Fi and -F2, which are trivial real/complex vector bundles of 
ranks 1, 2 and 1, respectively, endowed with the standard Riemannian/Hermitian 
metrics. Thus 

C°°(Fo) EE C°°(M+) EE C°°(F2) , C°°(Fi) = C°°(M+) e C°°(M+) , 
L^{F^) = L\R+,dp) = L^{F2) , L^{Fi) = L\R+,dp) ® L^{R+,dp) , 
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where real/complex valued functions are considered in C°°(K+) and L'^{R+,dp). 
Fix s, c > and k gR, and let 



do di 

C°"(Fo) . C°°(Fi) . C°°(^2) 

60 5i 



be the differential operators defined by 



do 



^do, 
,di 



, ^0 = {So,i ^0,2) , di = (ii,2) , ^1 = (^^1 2^ 



where 



2 



2 



VTT< 



^1 



2 



(|-(«+l),-T.p) 



A direct computation shows that do and di define an elliptic complex (F, d) of 
length three. Its formal adjoint is the complex {F, 6) given by 60 and Si . The 
homogeneous components Aq and A2 of the corresponding Laplacian A can be 
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computed as follows, where the notation of Section FO is used. By ([29]) and (pO)) . 



^0,1 



l + c2 



dp 



\- Kp ^ zL Sp\ ( \- Kp ^ ± Sp 



dp 



1 + 



{H + K{K + l)p-^Tsil-2K)) , 



Ao.2 — (50.2^0,2 



1 



1 + \^ dp 

1 



— ^ (if + (« + ^ 2(«: + 1))) , 

1 + 



A2,i = diiSii 



1 + c2 \ dp 



up ± Sp I — Kp ± Sp 



dp 



{H + k{k + l)p-2 ± s(l - 2k)) , 

1 + 



A2,2 — rfl,2'^l,2 — 



1 + c2 \ dp 



-— - (k + l)p 1 =F sp — - (k + l)p-i T 



dp 



1 + 



(i/ + (k + l)Kp-2 ± s(i + 2(k + 1))) , 



Ao = Mo = Ao,i + Ao,2 ^H + k(k + l)p-2 =F s ( 2 + ^"^^(1 + 2'^) ) : 
As = di^i = A2,i + A2,2 = H + k{k + l)p"^ ± s ( 2 + ^"^^(1 + 



Thus Ao can be identified to A2, and they are of the form of P in psp (with ci = 0) 
plus a constant. 

For Ao and A2, the condition (|26|) means that a G {1 + k, — k}, and (|27|) gives 
(7 = 1 + Kifa==l + K, and cr = — k if a = — k. By Proposition 16.11 the following 
holds: 



• If K > —3/2, then Aq and A2, with domain p^^^ Scv,+, are essentially self- 
adjoint in L'^{M.^,dp), the spectra of their closures are discrete, and the 
smooth core of their closures is p^^'^Scv,+ - 

• If K < 3/2, then Aq and A2, with domain p^^'^ Scv,+ , are essentially self- 
adjoint in L'^{M.+ ,dp), the spectra of their closures are discrete, and the 
smooth core of their closures is p~'^Scv,+ - 



Write 



Ai = do6o + 5id 



doaSo.i + ^1, 2^1.1 



do, 1^0, 2 + Sisdi,2 

do, 2^0, 2 + <5l.2dl,2 



Ai,i 
B 



A ^ 

Al,2. 
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By dMl) and (jSO 



d , \ f d 



1 + C2 

+ H + k{k- l)p-^ =F s(l + 2k)) 



1-c 



2 



= iJ + k(k - l)p-2 T t(1 + 2k) 

1 + 



Ai,2 = 



c2 



^ (k + l)p 1 T sp] (-4- - ('^ + l)/'"^ =F sp 



dp J \ dp 



—^{H + (k + 1)(k + 2)p-2 ± _ 2(k + 1)) 
1 + 

+ c^{H+{n + 1)(k + 2)p-2 zp _ 2(k + 1)))) 



2 



1 - c' 

7J + (k + 1)(k + 2)p-2 zp s-^ ^(1 + 2k) 

1 + 



So Ai,i and Ai,2 also are of the form of P in ([25]) (with ci = 0) plus a constant. 

For Ai.i, the condition (|26|) means that a € {k, 1 — k}, and ([27|) gives cr = k if 
a = K, and cr^l — Kifa = l — k. By Proposition 1531 the following holds: 

• If K > —1/2, then Ai^i, with domain p'^Scv,+ , is essentially self-adjoint in 
L'^{M.^,dp), the spectrum of its closure is discrete, and the smooth core of 
its closure is Scv,+- 

• If K < 3/2, then Ai^i, with domain p^~'^ Scv,+ , is essentially self-adjoint in 
L'^(R+, dp), the spectrum of its closure is discrete, and the smooth core of 
its closure is p^^^Scv,+ . 

For Ai_2, the condition ((26)) means that a G {2 + k, —1 — k}, and p7| becomes 
<7 = 2-|-Kifa = 2 + K, and cr = — 1 — Kifa = — 1 — k. Then Proposition 16.11 states 
the following: 

• If K > —5/2, then Ai_2, with domain p'^^'^ Sev,+, is essentially self-adjoint 
in L-^(R+,(ip), the spectrum of its closure is discrete, and the smooth core 
of its closure is p2+'^\Scv.+ - 

• If K < —1/2, then Ai^2, with domain p~^~'^ Scv,+ , is essentially self-adjoint 
in L'^{M.+ , dp), the spectrum of its closure is discrete, and the smooth core 
of its closure 
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Finally, by ([24 
A 



1 



" -1 , 

h ± sp 

dp 



d 
dp 



np ^ ± sp 
2cs 

= ±- 



d 
dp 



d 
dp 



{k + 1)p ^±sp^ 



1 



dp ' 



B 



d 

dp 



(k + 1)p ^±sp 



+ l—-i>i + l)p- 



dp 



2cs 



"1 



T sp 

d_ 

dp ' 



d 

dp 



= 0, 

d_ 

dp 

-1 



np 



T sp 



h Kp ^ ± sp 
± sp 



. 



When K > —1/2, let C C°^{F) n L'^{F) be the dense graded linear subspace 
with 



J-l — p^^'" Scv,+ , J'l — P'" Scv,+ ffi P^^'' 'Scv,+ , J'l — P^^'^ Scv,+ ■ 

When K < — 1/2, let C C°°{F) n L'^{F) be the dense graded linear subspace 
with 



'cv,+ 



J-2 = P Ocv,+ © P 0( 



x-2 1-K c 



By restricting d and 5, we get complexes {J^i,d) and (J^i,(5) when k > —1/2, and 
complexes (J^2, rf) and (J^2, (5) when k < 1/2. Thus A preserves Ti when k > —1/2, 
and preserves J^2 when k < —1/2. 

Proposition 7.6. Suppose that n ^ —1/2. Then {F,d) has a unique i.b.c, whose 
smooth core is Fi if n > —1/2, and F2 if n < —1/2. 

Proof. We prove only the case with k > —1/2; the other case is analogous. 

By Lemma 17.51 (using the independence of on k in its statement), we get 
Fi C T>{do^min) and F'l C 2?((5i,min)- Then, by the discussion previous to this 
proposition, the other conditions of Lemma 17.11 are satisfied by the complexes de- 
fined by d and S with G = Fi, obtaining that Fi and Ff are the smooth cores of 
do, mill and 5i,min, respectively. By Proposition 17.41 and since 1 + k,2 + k > 1/2, we 
get (io,2,min — c^o,2,max with smooth corc and 52,2,min = ^2,2,max with smooth 
core Fi- So, according to the discussion previous to this proposition, the condi- 
tions of Corollary 17.31 are satisfied with d and d, obtaining do,min = i^Ojinax and 

<5l,min = '5l,max, which alsO gives di^min = dl.max- □ 

7.4. Finite propagation speed of the v^rave equation. For the Hermitian bun- 
dle versions of E and F, consider the wave equation 



— iDut — 

dt 



(32) 



on any open subset of R4., where D = d + S and ut is in C°°{E) or C°°{F), 
depending smoothly on t € M. 

Proposition 7.7. For < a < b, suppose that Ut G f^(c'min/max); depending 
smoothly on t G M, satisfies (|32p on (0,6). The following properties hold: 
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(i) // suppuo C [a, oo), then suppuf C [a — \t\, oo) for < |i| < a. 

(ii) //suppitQ C (0, a], then supput C (0, a + \t\] for < |t| < 6 — a. 

Proof. We prove Proposition 17.71 only for E; the proof is clearly analogous for F, 
but with more cases because F is of length three. Let utfl G C°°{E^) = C°°(M+) 
and ut^i £ C°°{E^) = C°°(R+) be the homogeneous components of ut- From the 
description of the smooth core of dmin/max in Proposition 17.41 it follows that 



lim(ut.o ut.i){p) = 



(33) 



We have 
di 



{{iDut,Ut) + {ut,iDut)){p) dp - \ut{a - t)Y 







ca—t 

I I {{Dut,ut) - {ut,Dut)){p)dp-\ut{a-t)Y 
Jo 



But, since d and S are respectively equal to d/dp and —d/dp up to the sum of 
multiplication operators by the same real valued functions, 



s f ri ^ ^'^tfi dut.i dutfi , du^ 

[Dut,ut) - (ut,Dut) = —rr- ■ "t,! — ' "t,o - ut.i — + "t,o 



dt ■ dt 

2y I — ; • Ut ,1 + Utfi ■ 



dt 



dp 



dp 



dt 

2 5— (uf^oWj) , 
dp 



givmg 



{{Dut,ut) - {ut, Dut)){p) dp 



< 2 



(ut.o ut.i)ia - t) - lini(ut.o Ut,i)(p) 



= 2 \{ut,oWj){a -t)\< \ut,Qia ~ t)^ + \uts{a - t)^ = \ut{a - t)^ 



by §21. So 



dt 



\ut{p)Ydp<0 



givmg 

/ \utip)\^dp< f |uo(p)pdp-0, 
Jo Jo 

and (i) follows. 

Property (ii) can be proved with the same kind of arguments, but using that 



lim u{p) = 

p— f oo 



for all u e 23>°°(dmin/max) instead of ([55]) . 



(34) 
□ 



Remark 16. The proof of Proposition [7?7| is an adaptation of 07( Proposition 7.20], 
where ((33)) and (jM]) are used to settle the lack of compact support. 
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8. Preliminaries on Witten's perturbation of the de Rham complex 

Let M = (Af , g) be a Riemannian manifold of dimension n. For any a; G M and 

any a € T^M* , let 

r 

aj = * aA ★ on f\T.^M* , 

involving the Hodge star operator ★ on /\ T^M* defined by any choice of orientation 
of T^M. Writing a — g{X, •) for X G T^M, we have aj = —lx, where lx denotes 
the inner product by X . Moreover let 

Ra — (xA — a_i , La = oe/\ + CtJ 

on f\TxM* . Recall that there is an isomorphism between the underlying linear 
spaces of the exterior and Clifford algebras of TxM* , 

/\ TxM* C\{TxM*) , A • • • A e,^ Ci, • • • • • e,^ , 

where (ei, . . . , e„) is an orthonormal frame of TxM* and "•" denotes Clifford mul- 
tiplication. By this linear isomorphism, La and i?QW correspond to left and right 
Clifford multiplication by a. So La and Rp anticommute for any a,/3 € TxM*. 
Any symmetric bilinear form H G TxM* TxM* induces an endomorphism H of 
A TxM* defined by 

n 

H= ^ i7(e„e,)Le.-Re, , (35) 

by using an orthonormal frame (ei, . . . , e„) of TxM*. Observe that |H| — \H\. 

On the graded algebra of differential forms, f2(M), let d and i5 be the derivative 
and coderivative, let D = d + 6 (the de Rham operator), and let A = = d6 + Sd 
(the Laplacian on differential forms). For any / G C°°{M), E. Witten [46] has 
introduced the following perturbations of the above operators, depending on a 
parameter s > 0: 

d, = e-'f de'f = d + s dfA , (36) 
Ss^e'f 5e~'f ^S-sdf^, (37) 
Ds = ds + Ss = D + sR , 
As^ D^^ ds6s + 6sds = A + s{RD + DR) + s^R^ , (38) 

where R — Rdf. Notice that Ss is the formal adjoint of ds, and therefore Ds and 
As are formally self-adjoint. 

The Hessian of /, with respect to g, is the smooth section of TM* (E)TM* defined 
by Hess/ = Vd/, which is symmetric and induces an endomorphism Hess/ of 
/\TM* according to ([35]). Then 37, Lemma 9.17] 

RD + DR = Hess/ , i?^ = |d/p , 

obtaining that ([38|) becomes 

As = A + sHess/ + s^|d/P . (39) 

The Witten's perturbed operators also make sense with complex valued differ- 
ential forms, and the above equalities hold as well. 
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Example 8.1. Let d^^, 6^^, Dq^, denote the Witten's perturbed operators on 
17 (R™) defined by the model Morse function ±^ Po standard metric go. Ac- 

cording to i37i Proposition 9.18 and the proof of Lemma 14.11], Aq ^, with domain 
rio(R™), is essentially self-adjoint in L^f7(R™, go), and its self-adjoint extension has 
a discrete spectrum of the following form: 

• is an eigenvalue of multiplicity one, and the corresponding eigenforms are 
of degree zero in the case of Ag and of degree m in the case of Aq^. 

• Let ef be a 0-eigenform of A^^, with norm one, and let /i be a bounded mea- 
surable function on R"* such that h(x) — ^ 1 as a; — > 0. Then {hef,ef) 1 
as s — > oo. 

• All non-zero eigenvalues, as functions of s, are in 0(s) as s — > oo. 
Therefore (A™™*,d^J has a unique i.b.c, which is discrete. 



9. Witten's perturbation on a cone 

For our version of Morse functions, the local analysis of the Witten's perturbed 
Laplacian will be reduced to the case of the functions i^p^ on a stratum of a cone 
with a model adapted metric, where p denotes the radial function. That kind of 
local analysis begins in this section. 

9.1. Laplacian on a cone. Let L be a non-empty compact Thom-Mather strat- 
ification, let p be the radial function on c{L), let iV be a stratum of L of di- 
mension n, let M — N X R+ be the corresponding stratum of c{L) with dimen- 
sion n = n + 1, and let tt : A/ — >■ TV denote the second factor projection. From 
/\ TM* = A TN* M A TR*^, we get a canonical identity 

r r r—1 r r—1 

/\ TM* = vr* /\ TN* ® dp A n* /\ TN* = tt* /\ TN* ® tt* /\ TN* (40) 

for each degree r, obtaining 

n''{M) = C°° {R+,n'' (N)) (S dp A C°° {R+,n'-HN)) (41) 
= C°°{R+,n''{N)) (S C°°{R+,n''-\N)) . (42) 

Here, smooth functions R+ — > n{N) are defined by considering n{N) as Frechet 
space with the weak C°° topology. Let d and d denote the exterior derivatives on 
ri(M) and ^(N), respectively. The following lemma is elementary. 

Lemma 9.1. According to (|^^ . 




Fix an adapted metric g on N, and let g = p^g + {dpY be the corresponding 
adapted metric on M . The induced metrics on A TM* and A TN* are also denoted 
by g and g, respectively. According to (|40|. 

g = p-^'-~g®p-^^'-^^~g (43) 



on A'' TM* 
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Given an orientation on an open subset W d N, and denoting by uj the corre- 
sponding g-volume form on W, consider the orientation on W x M+ c M so that 
the corresponding volume form is 

Lj = p''-'^ dp /\ Cb . (44) 

The corresponding star operators on /\T{W x M+)* and /\TW* will be denoted 
by :*r and respectively. 



Lemma 9.2. According to pO)) . 



p"-2r+i^ 

(-l)''p""2r-l^ Q 



on f\''T{W X R+y 



Proof. Let a, a' G tt* /\TN*, at the same point {p,x) G IR+ x W. If a and a' are 
of degree r, then 

a' A p^-S"--! dp A *a = A a' A ia 

= a) dp A (2; = {-lYgia', a) lo 

by and giving *q; = (— l)''p"^^'"^^dp A ia. Similarly, if a and a' are of 
degree r — 1, then 

dp A a' A p""2''+^*a = a) dp A w = ^(dp A a', dp A a) to , 

obtaining ★(dp A a) = p"^^''+-^*a. □ 

Let L^n''{M,g) and L^n''{N,g) be simply denoted by L^QJ-{M) and L2f]''(7V). 
From and (HH), it follows that (|^^ induces a unitary isomorphism 

® (L2(M+, p"-2r+l g L20'^-l(iV)) , (45) 

which will be considered as an identity. 

Let S and 6 denote the exterior coderivatives on U{M) and ^{N), respectively. 

Lemma 9.3. According to (|42)) . 

/p-2^ -|._(,_2r+l)p-A 

on fl''{M). 

Proof. For an oriented open subset W C N, consider the orientation on x 
M+ defined as above, and let ★ and ★ denote the corresponding star operators on 
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l\T{W X R+)* and ArW^*- By Lemmas lO and [921 on ^""{W x M+), 

p-"+2'-i*\ ( d 



/ 1 \nr+n+l f U P * \ 



dp 



X 





(-l)''p"-2r-lj Q 

^ ' V (-i)"-'-+V"'*rfi y 

" --p-H ) ' 

which equals the matrix of the statement by (l24t . □ 

Let A and A denote the Laplacians on f2(Af) and ^{N), respectively. 
Corollary 9.4. According to (|42)) . 



on ri''(M), where 



A=( ^ ^ -^^"'^^ 
" \-2p-^ S Q 



P = p-2 ^ - - (n - 2r - l)p-i ^ 
dp^ dp 

Q = p-A--J-(n-2. + l)|-p- 



Proof. By Lemmas 19.11 and 19.3 



' I -p-^~s )[i -d) 

( 5d-£,~ {n - 2r - A + 2r - l)p-^)d' 



dp 

' dp 



p-^Sd 



^(p-'d~5 -J(A + (n-2r + l)p-i) \ 

l^p-2A5-2p-3^ -^-(n-2r+l)Ap-i+p-2j^j • 
The sum of these matrices is the matrix of the statement. □ 

9.2. Witten's perturbation on a cone. Let df, Sf, Df and Af (s > 0) denote 
the Witten's perturbations of d, S, D and A induced by the function f = ±^p'^ on 
M. In this case, df = ztpdp. According to 

pdpA^r [jj , -pdp.^ (I J 
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So the following is a consequence of Lemmas 19.11 and 19. 3| ([36]) and ([3^ 
Corollary 9.5. According to (|42)) . 



' d \ 

. - 



on n''{M). 

With the notation of Section HI 

i? = ±p{dpA - dpS) = ± 

and therefore 



p\ 
p Oj ' 



R'^fP" %)^p'. (46) 



p 

Lemma 9.6. RD + DR = ±(2r - n) on n''{M). 
Proof. By Lemmas 19.11 and 19.31 and according to (H^ , 

RD^±i^ P](^^f''^ -i-(^-2r- + l)p- 

dp 



\pd + p-^~6 -pA-n + 2r-l^ 
DR = ±i ^ ^ 1 ^ u /; 



So 



RD + DR = ±('^\'^ \=±{2r-n) 
'0 2r — n 



by (IMl)- □ 

Remark 17. The expression of RD + DR can be also obtained by computing Hess/ 
(Sectional). 

The following is a consequence of ([5^ , Corollary 19.41 and Lemma [ 
Corollary 9.7. According to (|42)l . 



A 

on fl^{M), where 



P± ^ + H -{n-2r~ l)p-^ — T s(n - 2r) , 

dp 

Qf = p^^A + H - {n-2r+ l)p~^ — + (n - 2r + llp"^ =F s{n - 2r) 

dp 
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10. Domains of the Witten's Laplacian on a cone 



Theorem 1 1.1 1 is proved by induction on the dimension. Thus, with the notation 
of Section [SI suppose that dmin/max satisfies the statement of Theorem ll.il Let 

'^min/max -^^^ -^min/max ^Cl ^min/max ) 

which is a graded subspace oi il{N). For each degree r, let 

^min/max.r— Ij ^min/max.r C Z/ (N) 

be the images of (iniin/niax,r-i and (5min/max,r: respectively, whose intersections with 
P-(A) are denoted by ^Sn/max,.-i and ^:„T„/max,r- According to Section iH 
A preserves 7?-^in/max r-i ^^'^ ^*iS'i/max r' ^'^"^ restrictions to these spaces have 
the same eigenvalues. For any eigenvalue A of the restriction of A to 72.min/inax r-i' 
let 

"^min/max.r-l.A ^ -^A (^min/max) '^min/max,r-l ' 
^min/max, r, A ~ -E' A (^min/max) H T^-min/max.r ■ 

Moreover 

L'n^iN) = 7i^,„/^,, ® ® ^;in/„.ax,..A) ' (47) 

A 

where A runs in the spectrum of Amin/max on 7?.J^i„/jjiax r-i' ^^"^ positive spec- 
trum of Amin/max,r- 

Now, consider the Witten's perturbed Laplacian Af. In the following, suppose 
that s > 0. 

10.1. Domains of first type. For some degree r, let 7^ 7 G ^min/max- 
CoroUaryiJl 

Af = H ~ {n~2r~ l)p~^ T sin - 2r) 

dp 

on C°°(R+) = C°°{M.+ )jC n''{M). This operator is of the type of P in (gS]) with 
C2 = 0. Thus (gS)) is satisfied, and (gH) means that a G {0, -n + 2r + 2}. 

For a = 0, we have 2<t — n — 2r — 1. When a > —1/2, which means r < 
Proposition 16.11 asserts that Af, with domain Sev,+, is essentially self-adjoint in 
i'^(M+, p"^^''^^ dp); the spectrum of its closure consists of the eigenvalues 

(4fc + (l=Fl)(?^-2r))s (48) 

of multiplicity one, with corresponding normalized eigenfunctions Xk] and the 
smooth core of its closure is Scv.+ - For A+, (|48p becomes 4fcs, which is > for all 
k and = just for fc = 0. For Aj, (j48]) becomes (4fc + 2{n - 2r))s, which is > for 
all fc. 

For a = —n + 2r + 2, we have 2a — —n + 2r + 3. When a > —1/2, which 
means r > Proposition 16.11 asserts that A^, with domain p~"-^'^^~^^ Sev,+, is 

essentially self-adjoint in L'^{R^, p'^~'^^~^ dp); the spectrum of its closure consists 
of the eigenvalues 

(4fc-K4- (l±l)(n-2r))s (49) 

of multiplicity one, with normalized eigenfunctions Xk; and the smooth core of its 
closure is p""+2r+2 _^ A+, ^ becomes (4fc 4 - 2{n - 2r))s, which is: 
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• > for all A: if r > 

• > for all k and = just for fc = if r = ^ — 1, and 

• < for A: = if r = 2=^. 

For Aj, (j49|) becomes {4k + 4)s, which are > for all k. 

When < r < we have got two essentially self-adjoint operators, with 
a = and a = —n + 2r + 2. These two operators are equal just when r — ^ — 1. 

All of the above operators defined by A^, as well as their domains, will be said 
to be of first type. 

10.2. Domains of second type. With the notation of Section riO.il 

Af =H -{n-2r- l)p-^ ^ + {n~2r- 1)^"^ T s{n - 2r - 2) 

dp 

on C°°(M+) EE C°°(R+) dpA-f C r2''+i(A/) by CoroUaryll^l This is an operator of 
the type of P in (P5|) with C2 = ci. Thus is also satisfied, and becomes 
a £ {l,-n + 2r + 1}. 

For a = 1, we have 2ct = n — 2r + 1 according to (P7|) . When cr > —1/2, which 
means r < Proposition 16.11 asserts that Af, with domain pSev,+ = ^odd.+j is 
essentially self-adjoint in L^{R+, p"~^^^^ dp); the spectrum of its closure consists 
of the eigenvalues 

{4k + 4:+{lTl){n-2r-2))s (50) 

of multiplicity one, with normalized eigenfunctions Xk] and the smooth core of its 
closure is pScv^+. For A+, ^ is > for ah k. For Aj, ([50]) is: 

• > for all fc if r < 

• > for all k and — just for fc = if r = and 

• < for A: = if r = 

For a = —n + 2r + 1, we have 2a — —n -f 2r + 1 according to (P71) . When 
<T > —1/2, which means r > Proposition 16.11 asserts that Af, with domain 

^-ri+2r+i is essentially self-adjoint in L^(M+, p"^^'"^^ dp); the spectrum of 

its closure consists of the eigenvalues 

(4fc-(l±l)(n-2r-2))s (51) 

of multiplicity one, with normalized eigenfunctions Xk', and the smooth core of its 
closure is 3^^^+. For A+, ((51]) is > for aU k. For Aj, (l5T|) is > for all 

k and — just for fc = 0. 

For < r < we have obtained two essentially self-adjoint operators, with 
a = 1 and a — —n -|- 2r -|- 1. These operators are equal just when r = ^. 

All of the above operators defined by A^, as well as their domains, will be said 
to be of second type. 

10.3. Domains of third type. Let p = for an eigenvalue A of the restriction of 
^min/max to 7?.J^in/i„ax r-v According to Section im there are non-zero differential 
forms, 

such that dp ~ pa and 5a — p(3. By Corollarv l9.71 

Af =H-{n-2r+ l)p-^ ^ + p^p'^ T {n - 2r + 2)s 

dp 
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on C°°(M+) = C°°(R+) /3 C n''-^{M). This operator is of the type of P in ([25 
with C2 = > 0. Thus ([28]) is satisfied, and (|26|) becomes 

-n + 2r ± ^(n - 2r)2 +4/^2 



2 

These two possibihties for a have different sign because /i > 0. 
For the choice of positive square root in ((5^ . we get 



(52) 



l + v/(n-2r)2+4A.2 ^ 

= 2 >2 

according to (P7)) . Then Proposition 16.11 asserts that Aj, with domain p^iSev.+ j is 
essentially self-adjoint in L2(M+, p"^^''^^ dp); the spectrum of its closure consists 
of the eigenvalues 

(^4fc + 2 + ^/{n - 2r)2 +4/^2 ip („ - 2r + 2)) s , (54) 

with multiplicity one and corresponding normalized eigenfunctions Xfc! and the 
smooth core of its closure is p"" Scv.+- Notice that ((54|) is > for all k. 
For the choice of negative square root in (f52|) , we get 



1- v/(n-2r)2+4/z2 
= ^ (55) 

according to ((27|) . Then cr > —1/2 if and only if 

p<l and |n- 2r| < 2^1 - , (56) 

which is equivalent to ^ < p < 1 and r = ^ , or /x < ^ and < r- < 2i±i . In 
this case, Proposition 16 . 1 1 asserts that A^, with domain p° 5ev,+ , is essentially self- 
adjoint in L'^(K+, pn-2r+i ^^-j. ^j^g spectrum of its closure consists of the eigenvalues 

(4fc + 2 - V(" - 2r)2 + 4/^2 zp („ - 2r + 2)) s , (57) 

with multiplicity one and corresponding normalized eigenfunctions p°' (f>2k.+ ', and 
the smooth core of its closure is p°5cv,+ - For A+, ([57)) is < for fc = 0. For 
Aj, dSH) is > for all k. 

When ([56| is satisfied, we have got two different essentially self-adjoint operators 
defined by the two different choices of a in ([52]) . 

All of the above operators defined by Af, as well as their domains, will be said 
to be of third type. 

10.4. Domains of fourth type. Let p, a and /3 be like in Section 110.31 By 
Corollary O 

Af =H -(n-2r- l)p-^ + {p'^ + n - 2r - l)p"2 zp _ 2r - 2)s 

dp 

on (M+) = C°° {R+) dp A a C n''+^{M). This is another operator of the type of 
P in ((25)) . which satisfies ((28|) because 

(1 - (n - 2r - 1))2 + 4(/i2 + n - 2r - 1) = {n - 2rf + 4^^ > . 

Moreover (pS]) becomes 



-n + 2r + 2 ± ^ {n - 2rf + 4p2 

• (5o) 



2 

These two possibilities for a are different because > 
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With the choice of positive square root in ([58|) and according to ([27| , a is also 
given by ([53|) . which is > 1/2. Then Proposition 16.11 asserts that A^, with domain 

iScv.+, is essentially self-adjoint in L^(IR+, p"^'^'"^^ dp); the spectrum of its closure 
consists of the eigenvalues 

(4fc + 2 + ^{n - 2rf + 4p2 ip (n - 2r - 2)) s , (59) 

with multiplicity one and corresponding normalized eigenfunctions Xfc! and the 
smooth core of its closure is p°- Scv.+- Observe that ([5^ is > for all k. 

With the choice of negative square root in ((55)) and according to (|27p . u is 
also given by which is > —1/2 if and only if ([55)) is satisfied. In this case, 

Proposition 16 . 1 1 asserts that A^, with domain p°-Scv,+, is essentially self-adjoint in 
i^(M+, p"^^''^^ dp)] the spectrum of its closure consists of the eigenvalues 

[Ak + 2- V(n - 2r)2 + Ap? T - 2r - 2)) s , (60) 

with multiplicity one and corresponding normalized eigenfunctions Xk] and the 
smooth core of its closure is p"' Scv.+ - For A+, (|60)) is > for all k. For A^, (|60)) 
is < for fc = 0. 

When (|56)) is satisfied, we have got two different essentially self-adjoint operators 
defined by the two different choices of a in ((58)) . 

All of the above operators defined by Aj, as well as their domains, will be said 
to be of fourth type. 



10.5. Domains of fifth type. Let ^, a and /3 be like in Sections 110.31 and 110.41 

By Corollary iJl 

- l,-2p-V Q±, 
on 

C°°{R+)®C°°{R+) = C°°{R+)a + C°°{E.+ )dpAl3 cn''{M) , 

where 

P^,s ^H-{n-2r- l)p-^ ^ + p^ p-^ T {n - 2r)s , 

Q± = - (n - 2r + l)p-i A + (^2 ^ ,i - 2r + l)p^2 _ 2r)s . 

dp 

We will conjugate this matrix expression of Aj by some non-singular matrix 0, 
whose entries are functions of p, to get a diagonal matrix whose diagonal entries 
are operators of the type of P in (1^5)) . This matrix will be of the form Q = BC 
with 



p V VC21 C22 
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where Cij are constants to be determined. Let and ^ be simply denoted by 
P and Q. A key observation here is that, by ([M]) . 



(P d 
Q-p-^Pp^ -— - (n - 2r + l)p-^ + (n - 2r + 
dp^ dp 



d^ , „ -o d 

.-1 ^ 



dp^ dp 



—r^ - (n - 2r + + (n - 2r + 

ap"^ dp 

+ ^ + 2-^ + - 2r - l)p-^ 4^ + (n - 2r - l)p-2 
ap"^ dp dp 

2(n - 2r)p"2 , 



obtaining 



1 0\ / P -2/ip-i\ fl 

pj 1v-2mp"' Q j VO Z'"' 

P -2/ip"2 



-2/ip-2 pQp-i 

P -2pp-2 
-2/ip-2 P + 2(n-2r)p-2 

On the other hand, C must be non-singular and 

^-1 ^ 1 / C22 -Ci2 

dctC V^C2i cii 
Therefore e^^A^e = (X^ ) with 
2 

^11 = P + ^^^p (p (-C22C21 + C12C11) - (n - 2r)ci2C2i) p , 
2 

^12 = ^j^^ (-C^2 + C?2) -{n- 2r)ci2C22) p~^ , 

2 

X21 = (Ai (c^i - c?i) + (n - 2r)ciiC2i) p^^ , 

2 

X22 = P + -7—^ (P(C21C22 - C11C12) + (n - 2r)ciiC22) P~^ • 

det G 

We want {Xij) to be diagonal, so we require 

A^(ci2 - C22) - - 2r)ci2C22 = p(cii - C21) - (n - 2r)ciiC2i = . 

Both of these equations are of the form 

pix'^ - y^) - {n ~ 2r)xy = , (61) 

with X = C12 and y = C22 in the first equation, and x = cn and ?/ = C21 in the 
second one. There is some c € R \ {0} such that 

2 2 n-2r 

x -y 

M 

In fact, since 



■ xy ^ {x + cy) (^x - . (62) 



{x + cy) (x - ^) - x2 - y2 + - i j 
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we need 

1 n — 2r 
c ^ ' 

giving 

lic^ + (n - 2r)c - = , (63) 

whose solutions are 



+ 2r± J{n - 2r)2 + 4^2 
c± = . (64) 

Observe that c+c_ = —1. Let c — c+ > 0, and therefore —1/c— c_. By ((62)) . the 
solutions of (|6ip are given by x + cy — and ex — ?; = 0. Then we can take 



with det C = 1 + c2 > 0. So, for 

e = 

we get Xi2 = X21 = 0, and 



p-i) (c 1 ) I cp-i ' ' 



2(-2MC+(7i-2r)c2) 
All — -T H 



X22^P+ \ . 2 P' 



1+C2 

2(2/ic + n - 2r) _2 

The notation X ^ Xn and Y = X22 will be used; thus G'^Aje = X ® F. The 
above expressions of X and Y can be simplified as follows. We have 

o n — 2r 2/i — (n — 2r)c 

1 + = 2 c = — — '— 

^ fi 

by obtaining 

2(-2^c + (n - 2r)c2) _ 2^c(-2^ + (n - 2r)c) 



1 + c2 2n- {n- 2r)c 

2(2/ic + n - 2r) _ 2^,{2^,c + n - 2r) 
1 + c2 ~ 2fi- {n- 2r)c 

Moreover 

(2^c + n - 2rf = (n - 2r)^ + 4^^ > 

by (iMl), and 



= -2/ic , 



(2^ - (n - 2r)c)(2^c + n - 2r) 

= 4^2c + 2^(n - 2r) - (n - 2r)2fic^ - (n - 2r)^c 

= 4^2c + 2^(n - 2r) - (n - 2r)2^(l - " ~ c) - (n - 2rfc 

c(4/i2c+ (n - 2r)2) 
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by Therefore 

2(2/zc + n-2r) 2^(2/ic + n - 2r)2 



1 + c2 (2^ ~ {n- 2r)c) (2^c + n - 2r) 

_ 2^((n - 2r)2 + 4/i2) ^ 2fi 
^ c(4yu2c + (n - 2r)2) ^ c 

It follows that 

X = P- 2^cp-2 

= H + s^p^ - (n - 2r - 1)^"^ -f" + (m^ - 2^c)p"^ T (?^ - 2r)s , 

dp 

r = p + ^p- 

c 

= + .sV' - (n - 2r - + (m' + T - 2r)s . 

dp c 

These operators are of the type of P in and satisfy (pS)) because 
(1 - (n - 2r - + 4(^2 _ 2^c) 



= 4 + (n - 2r)2 + - A^J {n - 2rf + 4p2 



(2 - 2r)2 +4^2)2 > Q 



and 



(l_(„_2r-l))2+4(Ai2 + ^) 

c 

= 4 + (n - 2r)2 + 4^^ _^ 4^(n - 2r)2 +4^2) 

= (2 + v/(n^^27?TV)^ > 
So, for X and F, the constants (|26p and ([?7| become 



2 - n + 2r ± (2 - VF^^2;0^+V) 
a , (65) 



^ ^ 2-n + 2r±(2+ v/(n-2r)2+4/i2) ^^^^ 



1±(2- V(n-2r)2+4/i2) 
= — ^ , (67) 



1±(2+ V(n-2r)2+4/i2) ^^^^ 

Suppose that cr, r > —1/2. By Proposition 16. 1[ X and F, with respective domains 
5ev,+ and 5ev,+ , are essentially self-adjoint in L2(M_|_, p"^2r-i ^^-j. ^-j^g gpgctra 
of their closures consist of the eigenvalues 

(4A: + 2a+(lTl)(w-2r))s , (69) 
(4fc + 2 + 26+(l=Fl)(?i-2r))s , (70) 

with multiplicity one and corresponding normalized eigenfunctions Xs,a,a.k and 
Xs,b,T,k, respectively, and the smooth cores of their closures are 5ov,+ and Scv,+ - 
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Since —^=^C is an orthogonal matrix, it defines a unitary isomorphism 

S/TD) „n-2r-l J„^ ^ T'^tm „n-2r-l ^ 

(R+ , p"-^'-^ dp) ® (M+ , p"-"'^-^ dp) , 



-2 /-in) „ri-2r-l j „\ ^ r^/m „n-2r-l 



and we already know that 

^ L\R+, p"-2--l dp) e ^n-2r+l 

is a unitary isomorphism too. So -^==0 is a unitary isomorphism 

^ l2(M+, p"-2--i dp) ® L'(M+, p"-2r+i _ 
Therefore, when cr, r > —1/2, the operator A^, with domain 

e(p'^5ev,+ ©p''5ev,+ ) -{(P>-CPV,CP'^^V + P'~V) I ^, G 5ev. + } , (71) 

is essentially self-adjoint in 

L2(R+, p"-2r-l ^ L2(jg^^ ^n-2r+l 

EE L2(R+,p"-2'-ldp)a + i2(j^^^^n-2r+l^^^^^^^ ^ ^^2) 

which is a Hilbert subspace of L^n^{M,g); the spectrum of its closure consists of 
the eigenvalues (|69|) and ([70l) . with multiplicity one and corresponding normalized 
eigenvectors 

'd{Xs,a,aM,Q) , 1^ , 2 0(0, Xs.b,T,k) , 



c 



respectively; and the smooth cores of its closure is ([7T|) . 
The condition t > —1/2 only holds with the choice 



3 + Jin - 2r)2 + 4^2 

r = 

2 

in (|68|) . which corresponds to the choice 

^_4-n + 2r+ ^(n - 2r)2 + 4/^2 
~ 2 
in (|66)). With this choice, the eigenvalues ((70|) become 



(73) 



(4A: + 6 T (n - 2r) + ^(n - 2r)2 + 4p2^ s , (74) 



which are > for all k. 
Consider the choice 

-n + 2r+ J{n - 2r)2 + 4p2 

a = 

2 

in (|65|) . and, correspondingly. 



(75) 



-1 + ^(n- 2r)2 +4p2 1 
^= 2 >"2 



in (|67)) . Then the eigenvalues ((69)) become 

(4fc T (w - 2r) + ^{n - 2rf + 4/i2^ s , (76) 
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which are > for all k. 
Now, consider the choice 



4 - n + 2r - y^(n - 2r)2 + 4^2 
a = ^ (77) 



in (|65|) . and therefore 

3- y/{n - 2r)2 + 4/^2 

(T = 

2 

in (|57)) . In this case, the condition cr > —1/2 means that 



/Lt < 2 and |n-2r| < 2V4^^- (78) 
The eigenvalues (|69l) become 

(^4A: + 4 T (n - 2r) - - 2r)2 +4^2^ s . (79) 

For A+, ([79]) is: 

• > for all k if and only if n — 2r < 2 — /^2/2, and 

• = just when fc = and n — 2r = 2 — /i2/2. 
For A7, (HH) is: 



• > for all k if and only if n — 2r > /i2/2 — 2, and 

• = just when k = and n~2r ^ A*^/2 — 2. 



All of the above operators defined by Aj, as well as their domains, will be said 
to be of fifth type. 

11. Splitting of the Witten complex on a cone 

11.1. Subcomplexes defined by domains of first and second types. Con- 
sider the notation of Sections 110.11 and 110.21 The following result follows from 
Corollarv l9.5l 

Lemma 11.1. For s > 0, df and Sf define maps 

d^ d"^ d^ 

. ' ■ C°°(R+)7^ ■ ■ C°°(R+)rfpA7 . ' ' 0, 

ri c± rih 

"s.r-l "s,r "s,r+l 

which are given by 

d-fr = "7" i , 5^ = — (n — 2r — l)p~"^ ± sp , 

dp ' dp 

using to the canonical identities 

C°°(R+)7EEC°°(R+)dpA7 = C°°(R+) . 

According to Sections 110.11 and 110. 2[ 7 can be used to define the following do- 
mains of first and second type: 



cr 

S,i 


— Scv,+ 


■7 


for 




< 


n-l 


r 


2 


cr 

S,2 


= p-"+ 


-2r+2 

'->ov,+ 7 


for 


r 


> 


n — 3 
2 


cr+1 
^7,1 


= pScv 


dp A 7 


for 


r 


< 


n+1 
2 


cr+1 




-2'-+l 5ev,+ dp A 7 


for 


r 


> 


n — 1 
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The following is a direct consequence of Lemma 111.11 
Lemma 11.2. For any s > 0, df and define maps 



d^ d± 



s.r— 1 ^ s,r ^ ^r+1 s,r+l 

"s,r-l "s,r "s,r+l 



where « = 1 i/ r < ^2^^ a/irf i — 2 if r > . 



Remark 18. If n is odd, by Lemma [11.11 and (HSI) . and since 5ov,+ C L^(M-|_, p^'^ rfp) 
if and only if a > —1/2, we get 

df{£:;.)^L^n^M) for r 



2 

6f{£;-!i')^L'^''^\M) for 



This is compatible with A+ ^ on SI^ .^ when r = (Section HUH]) , and A" ^ 
on £:;y when r = ^ (Section [JH^).' 

Remark 19. If n is even, notice that 



n 

■^7,1 = ^7,2 = '5ov,+ 7 for r = - - 1 , 

£;y=£;f=pS,.^+dpAj for r-|. 

By Lemma [11. 21 S^^i — ^(B £^\^ is a subcomplex of length two of Q,{M) with 
df and even for s = 0, where i = 1 for r < and i = 2 for r > ^^-j-^-- 

Moreover let £-yfi denote the dense subcomplex of E^^i defined by 

f;o = Co-(M+)7^Co-(M+), 

?r-\-l r^oo / 



The closure of £^^i (and £7,0) in L^r2(i\f ) is denoted by L?£^. We have 

L2£; =L2(M+,p"-2'-ldp)7 = L2(K^^pn-2r-l^^) ^ 
L2£r+1 ^^2(jg^^^n-2r-l^^)^^^^^^2(]^^^^„-2r-l^^) _ 

Assume now that s > 0. With the notation of Section 17. 2[ consider the real 
version of the elliptic complex {E, d) determined by the constants s and 

n — 2r — 1 



(80) 

and also its subcomplexes Si, where z = lifK>— l/2(r< ^^y^), and i = 2 if 
K< 1/2 (r > 

Proposition 11.3. There is a unitary isomorphism L^S^ — ^ L'^{E), which restricts 
to isomorphisms of complexes up to a shift of degree, {£y^o,df) {C^{E),d) and 
{£y^i,df) ~> {£i,d), where i — 1 if r < and i = 2 if r > ■ 

Proof. The unitary isomorphism 

p"" : L^{R+,p''-'^'-^dp) L^{R+,dp) 
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induces a unitary isomorphism L^E^ — ?> L'^{E), which restricts to an isomorphism 
Sj^o — > C^{E). Furthermore 



if r < 



, and 



P ^7,1 



ov.H i^i I 



1 — K c 



P S,2 = Ocv,+ 7 = P '^c- 



'cv,+ 



if r > . By Lemma 111.11 and 



we also have 



2 ^ 
^2 



P" P " = (^— ± SP 

which is the operator d of Section [7^ 
Corollary 11.4. 



^ dp 



up ± sp 



□ 



(i) If r ^ ■^^2^' i/ien (£-y_Oi'^J) 'J unique Hilbert complex 



extension in L'^£^, whose smooth core is E-y^i, where i — 1 if r < -^3^, and 

I 

2 

then {£jfi,df) has minimum and maximum Hilbert complex 



i^2ifr> 



(ii) Ifr 



extensions in L S^, whose smooth cores are E^,2 and S^^i, respectively. 
Proof. This follows from Propositions 17.41 and 111.31 



□ 



For each degree r, we will choose one of the possible domains of first and second 
type defined by 7, denoted by £^ and £I^~^^ , so that £j = £J^(B£I^~^^ is a subcomplex 
of {il{U),df ) according to Lemma [11.21 

If n is even, there is only one choice of domains of first and second types by 
Remark [TOl Thus £J^ and £J^~^^ have only one possible definition in this case. 

If n is odd, there are two possible choices of domains of first and second types 
just for the following values of r: 



■^7,1 = '^cv,+ 7 1 
'£'7,2 = P^^Scv.+ lj 

£1^1 = Scv,+ 7 
p5cv,+ 7 
p5cv,+ dpA7 
5cv,+ dp A 7 
pScv,+ dp A J 



cr 

■^7,2 
cr+1 
S4 
cr+1 
S.2 

cr+1 
S,l 
cr+1 

^7:2 



for r 



for r = 



p 5ov,+ dpA7^ 
By Remark [TBI and Corollary II 1.4[ we choose 

£!1 ^ £1, I for r = 



for r — 



£;+^=£:+^ for r = 



71—3 

2 

n + l 
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In order to get the minimum and maximmn i.b.c. of {[\TM* ,d), according to 
CorroUarv 111.31 we choose 




cr + l cr+l 

^7 -"^Ta 



if 7 e ni^^. 



if i^ni 



for r — 



ri — 1 



According to Corollarv lll.4i the above choices of satisfy the following. 



Corollary 11.5. (i) Ifr^^, then {£j,o,df) has a unique Hilbert complex 
extension in Lp'E^, whose smooth core is E^. 
(ii) If r = then {£j,o,df) has different minimum and maximum Hilbert 



complex extensions in L^£.y . If j ^ Ti,^ 



mm/max 7 



then 



the 



ith 



of the minimum/maximum Hilbert complex extension of {£.yfi,df). 



Let (T>j,df^) denote the Hilbert complex extension of {£^fi,df) with core £j, 
let be the corresponding Laplacian, and let "H^^ = 'Kfj^^'Ufj^^^ — ker A^^. 
The following result follows from Sections ll0.1l and ll0.2i Lemma |6^ and the choices 
made to define £^. 

Proposition 11.6. (i) (I?^,d^^) is discrete. 
(ii) H+;;+i=0, dimH+;;- = l */ 



r < < 



- - 1 

3 

2 

n-1 
2 



if n is even 

if n is odd and 7 G H.^ 

if n is odd and 7 £ H]^ 



(hi) n 



and Hf^j 



otherwise. 



0, dim-H-;;+i 



1 ^f 



r > < 



^ if n is even 
2^ if n is odd and 7 £ H"^; 
if n is odd and 7 £ HJJ,, 



and — otherwise. 

(iv) // G with norm one for each s, and h is a bounded measurable 
function on with h[p) — )• 1 as p — > 0, then {hef , ef) — > 1 as s — > 00. 

(v) All non-zero eigenvalues of A.f^ are in 0{s) as s 00. 

11.2. Subomplexes defined by domains of tiiird, fourtii and fifth types. 

Consider the notation of Sections llO.3H10.5l The following result follows from 
Corollary O 

Lemma 11.7. For s > 0, df and define maps 



5± 

s,r- 



C°°(R+)/3 



-)a + C°°( 
-) dp A a 5: 



-)dpA/3 
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which are given by 



\ -MP-' 
according to the canonical identities 

C°°{R+)/3 = C°°{R+)dpAa = C°°{R+) , 
C°°(M+) a + C°°(M+) dp A 13 = C°°(R+) ® C°°(M+) . 

Consider only the choices of a given by the positive square roots in (j52p and 
for domains of third and fourth types, and (1751) for domains of fifth type; the other 
choices of a are rejected because they are very restrictive on /i and r, and give 
rise to some negative eigenvalues. If these values of a are denoted by as, 04 and 
as according to the types of domains, then 05 = 03 = 04 — 1, and therefore the 
notation — = a and 04 = a + 1 will be used. Recall also that we only have 
the choice ((73)) for b, which equals a + 2. So we only consider the following domains 
of third, fourth and fifth types defined by a and l3: 

K'!'p - P"^' Sov,+ dpAa = 5ev,+ , 
= P" { ('^ - cpV) a + (cp-^cj) + pV) rfp A ;3 I 0, V e 5cv,+ } 
= P" { - cp'V', cp- V + pV') V' G 5cv,+ } . 

Lemma 11.8. For any s > 0, df and define maps 

d^ d^ rf± d^ 

"'/^ "''^ "'/^ 

''s,r-2 "s,r-l "s,r "s,r-+l 

Proo/. Lemma Uni gives <5±(J-;7/) df{T'^+l) = 0. 
Observe that 

a = c^j, , (81) 

obtaining 

c{a + n - 2r) = fj, (82) 
by dSSl). By Lemma HHTl dH]) and (EH), for e 5ov,+ , 



(p°/i ;3) = p° (^ph a+ (^-^+ cfip-^ ± sp^ (h) dp A 



(83) 



Sfip^+^hdpAa) = p" { {~p^~ ^±sp^ ] {h)a- pp-'hdpA(3] . (84) 
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The inclusion dfiJ'^'^p^) C follows from ^ if we can find (pjtp € Sev,+ such 
that 

(j) - cp'^tp = fih , (85) 
cp-^(j) + p^p = (^-^ + cfip-^ ±spj (h) . (86) 
Subtract cp~^ times (|85l) from p^^ times (|86l) to get 

which is well defined in 5ev,+ - Then 

(f> — ph + cp^ij} 

by dHS]). These functions (j) and ?A satisfy (|SS|) and 

The inclusion (5f (-F^^) C J"; ^ follows from ^ if we can find 4>,ip £ Scv.+ 
such that 



cp^^=(-p±-ii±sp']{h), (87) 



C/9 ^(j) + pijj = —pp 
The sum (|57)) and cp times ([55]) gives 

1 / d 1 + c' 



2 



p- p±sp (h) , 



1 + \ dp c 

which belongs to Scv,+ - The even extensions of h and to M, also denoted by h 
and 0, satisfy c0(O) = —ph{0), and therefore ph + ccj) £ p^ Scv It follows that 

= P^^ip-h + c0) , 

obtained from (1551) . is well defined in iScv.+ - These functions and V' satisfy ([57)1 
and ((55)) . 

For arbitrary (f>,ip £ Scv,+, let 

( = p'^{{cf>- cp^il^) a + (cp- V + Pi^) dp A (3) . (89) 
By Corollary ESI dH]) and ([821), 



c I -p-i - ( p + 2] ±sp^ ] i^))] dpAa 



dp 

-1 

sHO-p'{c{-p-'^^±s^ (0) 

showing d±(J-;_^) C J-^+i and 5f (J"^,^) C J";;/. □ 
By Lemma [11. 8[ 
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is a subcomplex of length three of n{M) with df and 6f. Moreover let -Fa./Sfi 
denote the dense subcomplex of J-'a^fi defined by 

•^Ao = C'o°°(M+) dpAa^ C^{R+) , 
K,p.,o = Co°°(K+) a + Co"(]R+) dp A /3 ^ C^{^+) © Co°°(R+) . 

The closure of Fa.p (and J^q,;9,o) in L^ri(M) is denoted by L'^Fa.p- We have 

= L2(R+, p^-^r'+l dp) ^ l2(M+, p"-2r-l _ 

Assume now that s > 0. With the notation of Section I7.3[ consider the real 
version of the elliptic complex {F, d), as well as its subcomplex J^i, determined by 
the constants s, c and 



2 2 
By (El, 

K^cfi + . (91) 

2 c z 

Proposition 11.9. There is a unitary isomorphism L'^J-'^.p — > L'^{F), which re- 
stricts to isomorphisms of complexes up to a shift of degree, {J^ai3,df) — > {Ti,d) 
andiTa,^p,o,df)^{C^{F),d). 

Proof. As an intermediate step, let 

fr-l _ -p'r-l _ „a+l j^r+l _ -pr+1 _ a+l 

•F a.p — -^a.p ® Q,/3 ® cul3 ' ti,^J,0 = a, 13,0 , 

L^K-^ = i^^^+i = L^r::; = l2(r+, dp) , 

L^P^^p = L\R+, ^"-2-^-1 dp) ® i2(K^^ pn-2r-l ^ 

Moreover let S : L'^J^^.p L'^J'a,p be the unitary isomorphism defined by 



and the identity map L^jr^+i _s. L^J"^^^. It restricts to isomorphisms J-^.^ — >■ J-^, 
and J^a,p,o — > -7^Q,^,o- Thus, by Lemma [11.81 {J^a,i3,df) induces via S a complex 
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By Lemma fTTJl and (|2l 



1 cp 




(92) 



" VTT^ " ''^^ ' ^ ""^ ^ ~ ' ^ ■ ^^^^ 

Now, the unitary isomorphism 

induces a unitary isomorphism L^J-a,i3 -^^(-f): which restricts to isomorphisms 
J"i and ^a,p,o C^iF). Moreover, by ^ and 



-2r-l 



p " ' d^,r-lP 




i (cT-p + ip-(^)P~^±csp^ 
\l + {cp + l)p-'±sp J 

'-Kp-^±Sp) \ 

-{n + l)p-^±sp] ' 



P 



ds.r P 



c 



ri-2r- 

P 



' ^ {i-p~ ^^^P ^ ±sp -c-^- HP ^ T csp^ p- 



which are the operators rfo and di of Section [731 □ 

Corollary 11.10. [J-a.pfiTd'f) has a unique Hilbert complex extension in L^J-a,i3, 
whose smooth core is Ta,i3- 

Proof. This follows from Propositions 17.61 and 111.91 □ 

Let {T>a^p,A^^ ^) denote the unique Hilbert complex extension of {Fa,pfi,df), 
according to Corollary 111.101 and let A^^ ^ denote the corresponding Laplacian. 
The following result follows from Sections I10.3H10.^ 

Propositionll.il. (i) (P^^^, d^^ ^) is discrete. 

(ii) The eigenvalues of A.^^ ^ are positive and in 0{s) as s oo. 
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11.3. Splitting into subcomplexes. Let yBmin/max.o denote an orthonormal frame 
of "Hmin/max Consisting of homogeneous differential forms. For each positive eigen- 
value of Dniin/max, Ict Smin/max,^ be an Orthon Orma l frame of ^^^(Anin/max) 

consisting of differential forms a + (3 like in Section 111.21 Then let 

^^min/max = ^ ^^7 ® ^ ^ ' 

where 7 runs in yB,„in/i„ax,Oj A* runs in the positive spectrum of £>min/max: and a + /3 
runs in Smin/max,^- Observe that the domain of ^if^j^in/max independent of s, and 
therefore it is denoted by I'min/max- Let also 

^min/max = ^7,0 © a,/3,0 ■ 

7 /J a+/3 

Proposition 11.12. V(d^ . , ) =2?rniTi/max and . , = . , 

^ ^ s, mm/max^ iiuii/inax s.min/max s.min/max 

Proo/. By Corollaries [HI] and HIIOl Lemma and gZl), (2?min/max, d,±,„i„/,„,J 
is the minimum/maximum Hilbert complex extension of (5min/maxj )• Then the 
result easily follows from the following assertions. 

Claim 14. g„,in/max C 2?(d^„i„/„,,) • 

Claim 15. rio(M) C Pmin/max- 

Let i^Jjjjin/max dcuote the minimum/maximum Hilbert complex extension of 
{VlQ{M),df) with respect to the product metric g = g + (dp)^ on M = TV x R+. 
With the terminology of [7, p. 110], observe that {il{M),df) is the product com- 
plex of the de Rham complex of N, {rt{N),d), and the Witten deformation of the 
de Rham complex of R+, defined by the function ^p^- Then, by [3 Lemma 3.6 
and (2.38b)], 

2'(4';mi„/max) ^ ^^0°°(»+) 2?(rfmi„/max) + dp A V{d^in/m..) 

^min/max ■ 

(94) 

On the other hand, for < a < & < oo, let i^jf2(Af, 5) and Llf,Q{M,g) denote 
the Hilbert subspaces of L^il{AI,g) and L^n{M, g), respectively, consisting of 
differential forms supported in x [a,b]. Since g and g are quasi- isometric on 
N X (a', b') for < a' < a and b <b' < 00, it follows that 

1^Kmin/mJ n LlMM, g) = 2?(rft„i„/.„ax) ^ ^l^M , ff) . (95) 

Moreover 

Smin/maxC |J ,^(M, ff) . (96) 

0<a<&<oo 

Now Claim [H follows from 

Finally, Claim [T5] follows from 

no{M) c £^,0 ® J'a.p.o , (97) 

7 a+;3 

where 7, /x and a + j3 vary as above. The inclusion (|97p can be proved as follows. 
According to (|4T|) . any ^ e f^o(-M) can be written as ^ = ^0 + c^P A ^1, where 
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Co, a e C^iR+,noiN)). Then, by gZ]), we get functions h,^, fk.i.,o.,P G C^{^+), 
for fc,£ e {0,1}, defined by 

/fe,7(p) = (Cfc(p),7)g , 

and moreover 

7 

+ X! X! (-^O'O.".^ + h,O.a,0 " + /l,0,a,^ dp A (3 + /l,l,a,/3 A tt) 
M a+l3 

in L'^n{M, g), where 7, ^ and a + /3 vary as above. Thus ^ belongs to the space in 
the right hand side of □ 

Remark 20. From Remark [T^ and Propositions [7^ [T!B1 and I11.12[ it follows 
that, with the notation of Example [3?2l h(p) V°°(d^ . , ) (lV°°(d^ . , ) for 

' ^ ' * y V s,min/inax'' ^ s.mm/max'' 

all h e C°°{R+) such that h' e C^(M+). 
Let 77* ~ ff) T-l^'^ =kerA* 

s,min/max M^r s,min/max s,min/max' 

Corollary 11.13. (i) d^ . , is discrete. 

^ / s, mm/max 

(ii) Hii; = ^/^,i„(iv) tf 



r < 

and T^^Jn = otherwise. 

(iii) H+lT, = ^^max(^) 

r < 



and = otherwise. 

(iv) H^i+i - if;;,i„(7v) z/ 



1 if n is even 
i/ n is odd , 



2 

2 



^ — 1 if n is even 



r > 

and H^^ll^^ ~ otherwise. 
(v) H-f +1 = H:^,^iN) tf 

r > 



rt-l 



2 

Tt+1 

2 



z/ n is even 
if n is odd , 



if n is even 
if n is odd , 



and "Hjjjax^^ = otherwise. 

s,inin/inax 

± „±\ 



(vi) If e^ £ min/max ^^^'^ norm one for each s, and h is a bounded measurable 
function on with h{p) — > 1 as p — > 0, then {hef , ef) 1 as s 00. 

(vii) Let < A* . , „ < A* . , , < ■ ■ ■ be the eigenvalues of A, min/max, 

^ ^ — s, mm/max, — s,min/max,l — J s.min/max? 

repeated according to their multiplicities. Given k € N, if A^j^jj^y^^^^^ f. 
for some s, then A* . , , S 0(s) as s ^ 00. 

■* ' s, mm/max, /c ^ ' 

± 

s, min/max, 



(viii) There is some 9 > such that liminft. A* . , , fc ^ > 

^ ^ ^ s. mm/max. 
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Proof. For 7, /i and a + /3 as above, the spectra of on and J^a,p is discrete by 
Propositions 1 1 1 .61 - (i) and 1 11. Ill - (i). Moreover the union of all of these spectra has 
no accumulation points according to Sections llO.lfflOTSl and since A„iin/„iax has a 
discrete spectrum. Then (i) follows by Proposition 1 1 1 . 1 2l 

Now, properties (ii)-(vii) follow directly from Propositions ll 1 .61 II 1 . 1 II and ll 1 .121 
To prove (viii), let < X^in/ma^fi < X^in/ma^,! < ■ ■ denote the eigenval- 
ues of ,„in/maxi repeated according to their multiplicities, and let /^,nin/max,( 



•^min/max,^ for cach £ € N. Sincc N satisfies Theorem ll.H -(ii) with g, there is some 
Co,6 > such that 

^min/max,£ ^ Cq^" (98) 

for all £. Consider the counting function 



s,min/max 



(A) = # ( fc e N I . , I < A 1 

V / I s, mm/max, K J 



for A > 0. From dM]), ([lil), (1761) and ([Ml), and the choices made in 

Section [11] it follows that there are some Ci , C2 , C3 > such that 

^tnin/max(^) < # { (fc, ^) € | C^k + C2 firain/ra..J + C3 < A } 

< #{ (fc, ^) e I Cik + C2Cof/^ + C3 < A } 




C2C0 C2C'o ^ 
_ ejX ~ C3)(2+e)/9 

~ (2 + ^)(C2Co)2/eCi ■ 

^° ^^min/max('^) - CA^^+'^^Z^ for somc C > and all large enough A, giving (viii) 

with Q = -1.. □ 

2+e 

Example 11.14. Consider the notation of Examples 12.61 I^TT^ and I01 On the 

stratum S™^^ x R+ of 0(8™"^), the model rel- Morse function ±^ and the metric 
g\ define the Witten's perturbed operators d^, 5^, and A^. Since po and go 
respectively correspond to p and g\ by can : x ]R+ ^ M™ \ {0}, it follows 

that dj, (5^, ZJf and A J respectively correspond to d^,., (5^^, -D^^, AJ^ by can* : 
\ {0}) ^ rj(S"-i X M+), and moreover 

L2i7(R™,go) EE L217(R" \ {0},go) ^^^(S'"-! x K+,51) (99) 

is a unitary isomorphism. The extension by zero defines a canonical injection 
r2o(K"' \ {0}) — > 51o(K"'), whose composite with (can*)~^ is an injective homomor- 
phism of complexes, (f2o(S'"~ 

ix]R+),dJ)^ (17o(M™),dJ.J. Thus the unique i.b.c. 
of (ATR'"*,dJj in L2n(R'", go) corresponds to d^^^,, via dM])- 

If m > 2, then i?'T^(§™-i) = for odd to. So (AT(S"-i x M+)*,d±) has a 
unique i.b.c. by Corollaries II 1.51 and II 1.10| and Proposition 1 11.121 
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If 771 = 1, then = = and therefore, according to gl]), (|42]) and 

CoroUaryEH 

n°{s" X M+) = c°°(m+,r2) , 

n\S° X K+) = dpA C°°(M+,R^) = C°°(R+,R2) , 

dp dp 
giving d^„^i„ 7^ d±^^^ by Proposition [73Ki) . 

12. Local model of the Witten's perturbation 

The local model of our version of Morse functions around their critical points will 
be as follows. Let m± S N, let L± be a compact Thorn-Mather stratification, and let 
M± be a stratum in c{L±). Thus, either M± = N±x'R^ for some stratum N± of L±, 
or M± is the vertex stratum of c(L±). On the stratum M = R'"+ x R"- x M+ x M_ 
of the Thom-Mather stratification R™+ x R™- x c(L+) x c{L_) (for any choice of 
product Thom-Mather structure on c(L-|_) x c(_L_)), consider an adapted metric 
given as product of standard metrics on the Euclidean spaces R"** and model 
adapted metrics on the strata M± . Let ds denote the Witten's perturbed differential 
map on ri(M) induced by the model rel- Morse function \{p\ — P-) (Remark [T^ 
(iii)). Let A^^min/max be the Laplacian defined by 4,min/max, and "H^^min/max = 
®r^s min/max ~ ^s,min/max- The following rcsult is & dircct conscquencc of 
Example 18. 1[ Corollarv 111.131 and Lemma |4?T] 

Corollary 12.1. (i) ds.min/max discrete. 

(ii) // M+ = and M_ = 7V_ x R+ , then 

'^Imin/max - ^ -^inin/inax(^+ ) ® ■^min/max(^- ) ' 

where (r_|_,r_) rwns m i/ie subset ojl? defined by ([T|)-([3]). 

(iii) If M+ is the vertex stratum of c{L+) and M_ — N- x R+, then 

^ ff^ ff^- (IV ] 

"■Sjinin/max VL? min/maxV ~ / ' 

where r_ runs m t/ie subset of Z defined by r = m_ + r_ + 1 and ([3]) . 

(iv) // = A^_|- X R_|_ and is the vertex stratum of c{L^), then 



''-s,min/max VT/ min/maxV ' 



where r+ rans in t/ie subset of 7L defined by r ^ r7i_ + r+ and ([2]). 

(v) // and M_ are t/ie vertex strata of c{L^) and c{L^), then we have 

'i™'^r,min/max = ^r.m^ ■ 

(vi) //Cs € "Hs^min/max wif/i norm one for each s, and h is a bounded measurable 
function on R_|_ with h{p) — > 1 as p — > 0, then {hef , ef) — > 1 as s oo. 

(vii) Let < As,inin/max,o < >^s.-min/-mi,x,i < ' ' ' &e t/ie eigenvalues of A^ -^in/max, 
repeated according to their multiplicities. Given k G N, if Xs,min/max,k > 
for some s, then Ag rnin/max,fc G 0{s) as s —>■ oo. 

(viii) There is some 6 > such that liminffc Xs,min/ma.x,k > 0. 



72 



J. A. ALVAREZ LOPEZ AND M. CALAZA 



Remark 21. According to Exainple lll.l4| except for the case m — 1 and (is,min, the 
above local study of ds.min/max could be simplified by using the homeomorphism 
can X id : R™ X c{L) c(S™-i) x c{L) and an isomorphism c(§™-i) x c{L) c(L') 
for some compact Thorn-Mather stratification L' fSection l2.1.3p . This would allow 
to consider only a quasi-isometry c(i') — > c(i^) x c{L'S) and the model rel-Morse 
function on x M'_ for strata M4 of c(L'±). The factors R™± could be forgotten 
in this way. 

13. Proof of Theorem 11.11 

Consider the notation of Theorem ll.il M be a stratum with compact closure of 
a Thom-Mather stratification A, and g is an adapted metric on M. Let {(Oa,fa)} 
be a finite covering of M by charts of A. For each a, we have ^o(Oa) = BaX c^^ (La), 
where Ba is an open subset of R™" for some £ N, La is a compact Thom-Mather 
stratification, and Eq > 0. Then each defines an open embedding M D Oa 
into R™" X A/q for some stratum Ma of La. We have, either Ma — Na y< R+ 
for some stratum Na of La, or Mq = {*a}, where *a is the vertex of c{La)- If 
Ma = A^a X E+, then ^a{M n Oa) ^ BaX NaX (0,ea). If Ma = {*a}, then 
^a(M n Oa) = BaX {*a} = ^a- Thus cvcry ^a(M H Oa) is, either open in R™" , or 
open in R™" x Na x R+. By shrinking {(Oa,Ca)} if necessary, we can assume that 
each diffeomorphism ^a : M n Oa — >■ £,a{M D Oa) is quasi- isometric with respect to 
a model adapted metric on R™" x A/a- 

By Lemma Is. 4[ there is a smooth partition of unity {Xa} on M subordinated to 
the open covering {M n Oa} such that each function |dAa| is rel- locally bounded; 
indeed, by shrinking {{Oa,£,a)} again if necessary, we can assume that each |daAa| 
is bounded. Also, by using Example 13.21 it is easy to construct another family 
{Xa} C C°°{M) such that Xa and \dXa\ are bounded, Aa = 1 on suppAa, and 
suppAa C M n Oa- The existence of such families {Aa} and {Aa} is required to 
apply Propositions 15.51 and 15.61 

Let da.s be the Witten's perturbation of da induced by the function fa ~ \pi 
on R"*" X Ma, where pa is the radial function of R™" x c{La). According to Corol- 
lary [T23]-(i)j(viii), each da,s,min/max satisfics the properties stated in Theorem 1 1.1[ 
and let Aa.s,min/max dcuote the corresponding Laplacian. 

By using Example 13.21 again, it is easy to see that there is some rel-admissible 
function ha on R"*" x Ma such that /la = on ^(M n Oa) and /la = 1 on the 
complement of some rel-compact neighborhood of ^(M n Oa) in R™ x Ma- Let 
da,s and Aa.s be the Witten's perturbation of da and Aa induced by the function 
fa = ha fa- The functions \dafa ~ dafa\ and I Hess /a - Hess /a I are uniformly 
bounded, and therefore Aa,s ~ ^a,s is a homomorphism with uniformly bounded 
norm by (|39p . By the min-max principle (see e.g. 36^ Theorem XIII. 1]), we get 
that (ia,s, min/max satisfics the properties stated in Theorem ll.il Then Theorem ll.il 
follows by Propositions 15.51 and 15.61 

14. Functions of the perturbed Laplacian on strata 

The first ingredient of Theorem 11.21 is the following properties of the functional 
calculus of the perturbed Laplacian on strata. 

Let M be a stratum of a compact Thom-Mather stratification endowed with an 
adapted metric, and let d and A be the de Rham derivative and Laplacian on M. 



WITTEN'S PERTURBATION ON STRATA 



73 



Let / be any rel-admissible function on M, and let dg and be the corresponding 
Witten's perturbations of d and A. Since / is rel-admissible, for each s, A^ — A is a 
honiomorphism with uniformly bounded norm by p9p . Hence ds,min/max defines the 
same Sobolev spaces as rffnin/max- Moreover the properties stated in Theorem 11.11 
can be extended to the perturbation ds^min/max by (|39p and the min-max principle. 

For any rapidly decreasing function on R, we easily get that ipi^s.min/nmx) 
is a Hilbert-Schmidt operator on L^^l{M) by the version of Theorem ll.H -fii) for 
c^s,min/max- In fact, (l){As^nun/ma,x) IS a tracc class Operator because (j) can be given 
as the product of two rapidly decreasing functions, and sign(0) 101^/^, where 

sign(0)(a;) = sign(0(x)) e {±1} if (j){x) ^ 0. 

The extension of Theorem I l.lK ii) to ds.min/max also shows that <t>{l^s,rauij-caa.i!) is 
valued in VF°°(<imin/max)- However we do not have a "rel-Sobolev embedding theo- 
rem" describing W°° {dya_\xilYaa.x)\ for instance, we do not know whether the elements 
of W^'"(<imin/max) are Uniformly bounded for m large enough (see Section [T7]) . We 
can only assert that (dmin/max) C 17(M) by the usual elliptic regularity. 

Like in the case of closed manifolds (see e.g. ^71 Chapters 5 and 8]), it can 
be easily proved that '^^'(Ag ^in/max) can be given by a Schwartz kernel and 
Tr 0( Ag ,„i„/max) equals the integral of the pointwise trace of K on the diagonal. 
But we do not know whether K is uniformly bounded by the indicated lack of a 
"rel-Sobolev embedding theorem" . 

15. Finite propagation speed of the wave equation on strata 

Let M be a stratum of a compact Thorn-Mather stratification, g an adapted 
metric on M, and / a rel-Morse function on M. Let ds, bg, Dg and As (s > 0) 
be the corresponding Witten's perturbed operators on f2(M), defined by / and 
g. These operators make sense on complex valued differential forms as well as real 
valued ones. Complex coefficients are needed to consider the induced wave equation 



where i = ^/—T and at G ft{M) depends smoothly on t e R. We may also consider 
that (|100p is satisfied only on some open subset of M. 

If (jlOOp holds on the whole of M, then, given a £ 2?°°(ds.inin/max), a usual energy 
estimate shows the uniqueness of the solution of (|100p with the initial conditions 
ao = a (see e.g. [371 Proposition 7.4]). In this case the solution is given by 

at = exp{itDs^niin/max)a , 

which belongs to I'°°(ds ,„in/,„ax) for aU t. 

It is known that compactly supported smooth solutions of (jlOOp propagate at 
finite speed (see e.g. [37l Proposition 7.20]). To prove Theorem II. 2[ we need a 
version of that result for strata, stating this finite propagation speed towards/from 
the rel-critical points of / with forms in I'°°(ds min/max)- For that purpose, we 
show first the corresponding result for the simple elliptic complexes of Sections 17.21 
andO 

Take a rel-Morse chart around each x e Critrci(/), like in Definition 13.71 with 
values in a stratum M'^ = R™-.+ x R™- - x M^^^ x _ of a product R'"--+ x 
R™^.- X c{Lx,+) X c{Lx-), where either Mx^± — Nx.± x R+, or Mx^± is the vertex 
stratum of c{Lx^±). We can assume that the domains of these rel-Morse charts are 
disjoint one another. Consider a model metric gx on each M^. For each p > 0, 



— - iDgat = , 



(100) 
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let Bx^±^p be the standard ball of radius p in M"'"^'±. If Mx,+ = Nx,+ x M+ and 
M^,± =iV:,,_ xR+, let 

Ux,p = Bx^+,p X Bx,-,p X Nx,+ X (0,p) X Nx,- x (0,p) C . 

If Ma;_± is the vertex stratum, remove the factor Nx.± x (0, p) from the definition 
of Ux,p (or change it by the corresponding vertex stratum). Let d'x^, S'x g, D'^.s and 
5 denote Witten's perturbed operators on V,{M!^) defined by gx and the model 
rel-Morse function (Section [12]). The corresponding wave equation is 



with at G ri(Af^) depending smoothly on t e K. By Propositions 111.31 111-91 
and 111.121 the following result clearly boils down to the case of Proposition 17.71 



smoothly on t gM., satisfies (|10ip on Ux^b- The following properties hold: 

(i) //suppao C M'^ \ Ux,a, then supp at C M '^ \ Ux^a-\t\ for < |i| < a. 

(ii) //suppao C Ux,a, then supp a* C Ux^a+\t\ < |i| < 6 - a. 

There is some po > such that each Ux^p^ is contained in the image of the rel- 
Morse chart centered at x, and moreover these charts are disjoint one another. We 
will identify each C/^.po with an open subset of M via the rel-Morse chart. According 
to Example 12.111 we can choose g so that its restriction to each Ux,pQ is identified 
to the restriction of gx- 

Proposition 15.2. Let Q < a < b < po and a e L'^n{M). The following properties 
hold for at = exp(itDs,min/max)a- 

(i) //supp a C M \ Ux,a, then supp at C M \ Ux^a-\t\ for < |i| < a. 

(ii) //supp a C Ux,a, then supp at C Ux,a+\t\ for < |<| < 6-a. 

Proof. Since e^p (it Ds^min/ max) is bounded, we can assume that a € 1^°° (ds^min/max), 
and therefore at € 2?°°('/s,min/max) for all t. According to Remark!^ there is some 
h G C°°(M) such that supp/i C Ux,pa, h = 1 on Uxm, and /i2?°°(ds,min/max) <^ 
■Z?°°(c?s,min/max)- Thcu hat satisfics (|10ip on Ux,b and belongs to 'D"" {d'g^^in/max)■ 
So, by Proposition ll5.1[ 

• hat = on Ux,a-\t\ for < |t| < a if supp a C M \ Uxm, and 

• supp hat C Ux,a+\t\ for < |t| < 6 — a if supp a C Ux,a- 

Thus the result follows because h = 1 on UxM- O 

16. Proof of Theorem 11.21 
Consider the notation of Section [15] 

16.1. Analytic inequalities. Bv (|36]) . we have the isomorphism of complexes e"-^ : 
{V,Q{M),ds) — >■ (r2o(M),d). Since / is bounded, we also have the quasi-isometric 
isomorphism e''-^ : L'^Vl{M) L^Q,{M). So we obtain the isomorphism of Hilbert 
complexes 




(101) 



Proposition 15.1. For < a < b, suppose that at € 'D°°{d'^ 



), depending 




and therefore 



min/: 



max 




(102) 
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for all s > 0. In fact, since is bounded, it also follows from ([36l) that 

^(^s,min/max) -^(^min/max) ; ^s,min/max ^min/max ~t~ ^ ^ ■ 

Thus 

e ^('^miii/max) '^(^min/max) ■ 

Let (j) he a smooth rapidly decreasing function on M with 0(0) = 1. Then the 
operator (f>{^s,min/max) IS of trace class (Section [Til) . and set 

A's.min/max ~ Tr((/)(As jjji,j/uiax,r)) • 

By (|102p , the following result follows with the obvious adaptation of the proof of 
[571 Proposition 14.3]. 

Proposition 16.1. We have the inequalities 

r^min/max — r^min/max ' 
/^min/max /^min/max — A''s,inin/inax A''s,inin/inax ' 

/Q2 _ nl . nO ^ 2 _ 1 , 

r^min/max r^inin/inax ' r^min/max — r^s, inin/inax r^s, inin/inax r^s-inin/max ' 



e^c, anc? the equality 



Xmin/max ^ ^ ( 1) Ms.i 



n/: 



min/max 



16.2. Null contribution away from the critical points. By ((39)) and because 
\df\ and | Hess/| are bounded on M, we have 

^(^s, min/max) — ^(^min/max) j (103) 
As,min/max = A„,in/„,a^ + S HcSs/ + (104) 

for aU s > 0. 

For p < pq, let C/p = Uk^^^.P' "^itli 2; running in Criti.ci(/). Fix some pi > 
such that 3pi < po. Let 25 and be the Hilbert subspaces of L^^l{M) consisting 
of forms essentially supported in M \ Up-^ and M \ U2pj, respectively. It follows 
from ((T03)) and pU4| that there is some C > such thaO 

^s, min/max ^ ^min/max 

+ Cs^ on © n I?(A„,i„/„,ax) (105) 

if s is large enough. 

Let ft, be a rel-admissible function on M such that /i < 0, ft = 1 on Up„ and ft = 
on M\U2pi Example 13. 2p . Then = ^s,m\n/max + hCs'^ , with domain 

I?(Anii„/niax)j IS essentially self-adjoint in Lp'Vl{M) with a discrete spectrum, and 
moreover 

-^s, min/max — Ajj^iii/jjiax ^" (106) 

for s is large enough by (jlOSp . 

Fix somc0 e 5ov such that > 0, 0(0) = 1 and supp0 C [—pi,pi\, and let 
tp ^ S such that 0(x) = -0(0;^). By using Proposition 1 15 . 21 - (i) . the argument of the 



"'^^Recall that, for symmetric operators S and T in a Hilbert space, with the same domain T), 
it is said that 5 < T if (Su, u) < {Tu, u) for all u £V. 

^^The Schwartz functions with compactly supported Fourier transform are characterized by 
the Paley- Wiener-Schwartz theorem (see e.g. 1211 Theorem 7.3.1]); they form a dense subalgebra 
of S, which is invariant by linear changes of variables. 
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first part of tire proof of [37l Lemma 14.6] can be obviously adapted to show the 
following. 

Lemma 16.2. -(/"(As^min/max) = VXT's.min/max) OH Sj . 

Let n : L^il(M) — > S) denote the orthogonal projection. According to Sec- 
tion[T31 ■(/'(As,inin/inax) is of tracc class for all s > 0. Then the self-adjoint operator 
n?/'(As^niin/max) H is also of tracc class (see e.g. [37l Proposition 8.8]). 

Lemma 16.3. Tr(n ?/'(A^ i„in/i„ax) H) — > as s —?> oo. 

Proof. Let 

— Aniin/max.O — An^ji^/n^ax, 1 — ' ' ' ^ ^ — Ag j^^ii^/j^^ax,0 — Ag^niin/max,! — ' ' ' 

be the eigenvalues of Ajnin/max and r5,min/max: respectively, repeated according to 
their multiplicities. By (I106|) and the min-max principle, we have 

As, mill/max, ^ '^min/max,fc ^" 

for s large enough. So 

Tr(V'(Ts,,„i„/,„ax)) = X! ^(-^^ 

,min/max, k) 1^ V'(-^min/max,fc 

fc fc 

for s large enough, giving TT{ipiTs.min/niayd) — as s oo since 'ip is rapidly 
decreasing. Then the result follows because 

Tr(nV'(As,,„i„/,„ax)n) = Tr(nV'(rs,i„in/max)n) < Tr(V'(rs,i„in/max)) 

by Lemma [16.21 □ 

16.3. Contribution from the rel-critical points. The following is a direct con- 
sequence of Corollarv ll2.1l 

Corollary 16.4. If h is a bounded measurable function on 1R+ such that h{p) 1 
as p — )• 0, then 

lim Tr(/l(p)(?!)(A^ „i„/^ax,r)) = 1™ Tr </>(A^ i„/„^ax,r) = I'l^.min/max ■ 

For each x € Critrei(/), let i^^; C L^51(M) be the Hilbert subspace of differ- 
ential forms supported in Ux,2pi', it can be also considered as a Hilbert subspace 
of L^r2(M^) since g and gx have identical restrictions to Ux,po- Moreover Ag and 
A^ 3 can be identified on differential forms supported in Ux,po- By using Proposi- 
tion [T5]2]-(ii), the argument of the first part of the proof of [37l Lemma 14.6] can 
be obviously adapted to show the following. 

Lemma 16.5. 0(As,min/max) = '/'(^l,,s,min/max) ^ ^ Cr%c\{f)- 

For each x e Critrci(/), let : L'^^{M) ^^rjmd fi^ : L'^n{M'^) i)x denote 
the orthogonal projections. Since the subspaces S)x are orthogonal to each other, 
n :— lix '■ L^Vl{M) — ^ f3 := S)x is the orthogonal projection. 

Lemma 16.6. Tr(n (/)(As,min/max,r) n) ^^min/max aS S ^ GO . 
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Proof. By Corollary 116.41 and Lemma 116.51 and because is the multiplication 
operator by the characteristic function of Up-^ in M^, 

lim Tr(n0(As min/max,r) n) = lim Tr(n:r0(A5.min/max,r)n:r) 

xeCrit„i(/) 

= lim Tr(n^0(A;^ ;„/ jn^) 

xeCritrci(/) 

^2;,min/max ^min/max ' 

a:eCrit„i(/) 

Now, 

lim Tr(0(A,,min/max,r)) = ^^min/max 

by Lemmas 116.31 and 116.61 and because 11 + 11 = 1, showing Theorem 11.21 by 
Proposition 116.11 

17. Remark on the Sobolev spaces on strata 

Our version of the Sobolev spaces on strata, M^™(dmin/max): may depend on the 
chosen adapted metric; thus there is no "rel-version" of the elliptic estimate. By 
taking local charts and arguing like in Section[T31 it is enough to check this assertion 
for the perturbed local models d^^^-^in/max- 

With the notation of Section llO.li consider the case where n is odd, r = 2:=^ and 
a = 0; thus a — 0. We have xo7 € ^°°('^Jmin/max) "^ith the metric g. Let g' be 
another adapted metric on N such that A'7 7^ 0, and consider the corresponding 
adapted metric g' — p^^g' + dp^ on M. Let A' be the laplacian on il{N) defined by 
g', A' the Laplacian on n{M) defined by g' , and A'^* the Witten's perturbation of 
A' induced by the function ±ip^. Let ( , and ( , )' denote the scalar products 
of L^il{N, g') and L'^n(M, g'), respectively, and let || \\~' denote the norm defined 
by ( , )~'. By Corollary we have A'/ = p-^A' + H T s on C°°{E.+ )j. Then 

(A;^(X0 7),X07)' = (A'7,7r / p-^X^ dp + ||7ir"(l T 1)^ = 00 

Jo 

according to ((15)) and Section flO.il and because Xo{p) = V^Poe~''''^ is bounded 
away from zero for 0<p<l. Soxo7^ ('^^min/max) '^ith the metric g' , 
obtaining different spaces W^{df^^.^^^^^^) by using g and g'. 
The above observation is related with the following problem. 

Problem 17.1. Let M be a stratum of an arbitrary compact stratification endowed 
with an adapted metric, and let L^n{M) denote the Banach space of uniformly 
bounded measurable differential forms on M. Is there a continuous inclusion of 
W^'"(t^min/max) into L^V,{A'I) for m large enough? 

For the perturbation P of harmonic oscillator indicated in Section IH the cor- 
responding version of this problem has an affirmative answer |2;. If the spaces 
W^™('^min/max) wcre independent of the adapted metric, we could give an affirmative 
answer to Problem 117.11 by using the local arguments of this paper and induction. 
An affirmative solution of Problem 117.11 would allow to adapt the nice arguments 
of |37( Lemma 14.6] to show a stronger version of Lemma ll6.3l the Schwartz kernel 
of '0(As,min/max) would Converge uniformly to zero on {M \ U2pi) x (M \ U2pi). 
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